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In this thesis we present a study of the uctuations and noise which

occur in a particular nanoelectrical device, the single ele ctron transis-
tor (SET). Electrical transport through the SET occurs through a com-
bination of stochastic, incoherent tunnelling and coheren t quantum

oscillations, giving rise to a rich variety of transport pro cesses. In the
rst section of the thesis, we look at the uctuations in the el ectrical

properties of a SET. We describe the SET as an open quantum syem,
and use this model to develop Born-Markov master equation des crip-
tions of the dynamics close to three resonant transport proc esses: the
Josephson quasiparticle resonance, the double Josephson wgsiparti-

cle resonance and the Cooper-pair resonances. We use these wdels
to examine the noise properties of both the charge on the SET island

and the current owing through the SET. Quantum coherent osc illa-

tions of Cooper-pairs in the SET give rise to noise spectra which can

be highly asymmetric in frequency. We give an explicit calcu lation

of how an oscillator capacitively coupled to the SET island ¢ an be
used to infer the quantum noise properties close to the Coope r-pair

resonances. To calculate the current noise we develop a new tch-
nique, based on classical full counting statistics. We are able to use
this technique to calculate the effect of the current uctua tions on an

oscillator coupled to the current through the SET, the resul ts of which

are in good agreement with recent measurements. In the nal pa rt of

the thesis we explore the coupled dynamics of a normal state SET ca-
pacitively coupled to a resonator in the presence of an external drive.

The coupling between the electrical and mechanical degrees of free-
dom leads to interesting non-linear behaviour in the resona tor. We

are able to nd regions where the resonator has two possible st able
amplitudes of oscillation, which can lead to a bistability i n the dy-
namics. We also look at the uctuations in the energy of the sy stem.
We use numerical methods to simulate the dynamics of the system,
and to obtain the probability distribution for the work done , whose
form can be interpreted by the appropriate uctuation relat ion.
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INTRODUCTION

luctuations and noise  play an increasingly important role in the

dynamics of systems as they become smaller. Noise not only pro-
vides an intrinsic problem to be minimised in an experiment, but
measurement of noise can also provide a sophisticated way of un-
covering the behaviour of a system[l1, 2, [3]. Features in the noise,
beyond those which are present in the mean dynamics, give inf orma-
tion about the interactions within the system, and also the e nergy and
time scales which are important to the dynamics[ 1, 4, 5].

In this thesis we examine the information we can gain by study ing
noise in nanoelectrical systemsmall electrical circuits, in which the
guantisation of charge is important[ Z]. We will focus our attention
on one particular example, the single electron transistor ( SET).

1.1 single electron transistors

The SET consists of a small metallic island coupled to leads via tunnel
junctions. Current is transported through the device via in dividual
electrons hopping on and off the island into the leads. Examp les of
such devices can be seen in Figih The SET was rst proposed by
Averin and Likharev in  1986[€] and was demonstrated in 1987 by
Fulton and Dolan[[7]. It was shown in these early examples that the
electrostatic energy of the island is highly sensitive to th e charge on
a nearby gate, and so changing the voltage applied to the gate can
dramatically change the current through the SET.

It is also possible to make the leads and island of the SET from
materials which, at suf ciently low temperatures, become su percon-
ducting[|12]. In this case, the transport can become highly complex
with a number of different processes which can contribute. T o fully
describe a superconducting SET (SSET) the use of quantum mehan-
ics is essential. In such systems, the presence of steady stae quantum
coherence leads to interesting features in both the averagecurrent[|13]
and the noise spectrum|[14, |4, [15] of the device. While transport in
the normal state SET is purely due to the tunnelling of normal elec-
trons, in the SSET a much richer variety of processes are posghle.
Different combinations of coherent Cooper-pair oscillati ons and inco-
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Figure 1.1.: Experimental realisations of single electron transistors, taken
from (a) Ref. [€], (b) Ref. [g] and (c) Ref. [10]. In (d), from
Ref. , we show a carbon nanotube (indicated by the arrow)
with an embedded quantum dot, the dynamics are described in
a very similar way to the SET.

herent quasiparticle tunnelling can become favourable, wi th a highly
sensitive dependence on the choice of bias point tﬁ].

The SET also provides a prototype for many other physical sys tems.
Similar dynamics can occur in quantum dots| @ , 118], molecular
transistors [@], and carbon nanotubes, which can support single elec-
tron transport|[ E @].

1.2 measurement and noise

The SET found uses as a detector, since it can easily be integated
with other systems and its current measured. The current thr ough
the SET depends strongly on the charge, Qg, induced on the gate
electrode: a change inQq by only &2 can change the current, 1, from
its maximum value to zero. This means that the SET has a large
gain G= dl/ dQg and so can be used as a highly sensitive electrome-
ter [[ﬂ] for detecting nearby charges. Because of this it was suggesed
as a read out device for qubits based on systems with charge coher-
ence @ B]

The position of a nearby mechanical object, such as a hanometani-
cal beam, can also be measured with a high degree of accuracy ly the
SET ﬂ@] If the beam forms one plate of the gate capacitor, then, as
the beam moves, it changes the capacitance, thus effectivey changing



Qg this then leads to sensitive dependence of | on the position of the
oscillator. An example of this kind of device is shown in Fig. [Ii(c).

More recently, experiments have shown that a SET can be used to
image surface acoustic wavéSAW) [26)] in piezoelectric crystals. The
displacement of the surface induces a polarisation in the substrate,
which is detected as a change in the potential of the SET, and ©
measurement of the current through the SET allows the imagin g of
SAW[27].

The sensitivity of all these measurements is limited by two d istinct
sources of noise. Firstly, the intrinsic noise of the SET; the current
through the SET uctuates about its mean value. Charge is tra ns-
ferred one electron at a time, which creates shot noisen the current,
and so limits the sensitivity of the measurement[[1]. Secondly, the
sensitivity is limited by the effect of back-actionnoise [3]. Since the
SET and the measured system are coupled, uctuations in the SET
cause uctuations in the measured system, thus creating unc ertainty
in the measurement. This back-action noise is a very general feature
of quantum measurement, and absolute limits on sensitivity , imposed
by quantum mechanics, can be calculated [3].

1.3 fluctuations beyond measurement

Back-action noise can be seen from a different point of view. As
well as being a nuisance in the context of sensitive measurement,
the back-action can have dramatic effects on the measured system
which is coupled to the SET and can, in fact, be used to manipul ate
its dynamics and can even be used for the dissipative generation of
guantum states[28]. Recent experiments have used the back-action
of SETs tocoolan oscillator to a temperature lower than the thermal
environment[|10] and also to induce laser-like instabilities in a super-
conducting resonator [128], by pumping energy from the SET into the
resonator. Other experiments have used the back-action effects of
single electron tunnelling to induce non-linear behaviour in driven
carbon nanotubes[11, [20]. Finally, the back-action caused by a con-
ductor provides a * ngerprint' of its noise properties. This means we
can learn a lot about the intrinsic quantum dynamics of a cond uctor
simply by measuring the effect it has on the dynamics of a simp le
system like a harmonic oscillator to which it is coupled[ &, 29].
Fluctuations in the electrical properties of the SET can lead to uc-
tuations in the mechanical properties of a resonator couple d to the
SET. This, in turn, leads to uctuations in the energyof the resonator.
Therefore, the thermodynamic quantities, such as the work d one on
the resonator by an external drive, do not have a de nite value but
can take on a range of values, and so have an associated probality
distribution. These quantities can then, apparently, viol ate the second
law of thermodynamics, for example, the work done can be nega tive



for some particular rare trajectories [130]. Quantifying the probability
of such trajectories occurring led to the development of the so-called
uctuation relations[31, 13Z]. Very recently there has been interest in
applying these relations to mesoscopic conductors[33, 134, 135]. The
SET-resonator provides a particularly simple model system to study
these uctuation relations in an out-of- equilibrium syste m.

1.4 this thesis

The structure of this thesis is as follows. In chapter [2 we provide a
brief outline of the physics of the single electron transist or. We begin
by describing the dynamics of SETs, both normal state and super-
conducting. We then develop the master equation formalism w hich
we use throughout this thesis to describe the SSET, and outline the
models which we use to describe transport through the SSET at three
points where resonant transport occurs via different mecha nisms: the
Josephson quasiparticle (JQP) cycle, the double Josephsoquasiparti-
cle cycle (DJQP) and the Cooper-pair resonances (CPRs).

In chapter [3 we describe the formalism used for quantifying the
noise properties of the SSET. This formalism is then used to calculate
the island charge noise for the various transport mechanism s in the
SSET outlined in chapter2 We show that these calculations reveal
features of the dynamics which cannot be seen by simply looki ng at
the average behaviour of the system. For the CPRs, we developthe
model further and look at how it could be experimentally feas ible to
probe the charge noise by weakly coupling an oscillator to th e SSET
island.

The focus of chapter@ is on developing a method to calculate the
guantum noise in the current through the SSET. Calculating t he cur-
rent noise is non-trivial: quantum coherence between states with
Cooper-pairs in the leads and on the island means that the usual
classical counting methods break down. A new technique, cap able
of solving this problem, is described in the rst part of the ch apter,
which is then applied to the transport mechanisms in the SSET. We
pay particular attention to the noise at the DJQP resonance, since we
are able to provide an interpretation of a recent experiment , described
in Ref. [8. We also show how the quantum current noise gives de-
tailed information about the charge transfer processes whi ch occur in
each of the junctions, beyond what was found for the charge no ise.

In chapter 5 we look at a more complex system; an oscillator capac-
itively coupled to a normal state SET which is subject to a per iodic
driving force. Our simple model for the coupled dynamics oft his sys-
tem allows us to explore regions of interesting non-linear b ehaviour
in the system. We are able to nd regions where the resonator ha s two
stable states which oscillate with different amplitudes. | n this region,
the steady state distribution of the oscillator can exhibit a bistability,



in which the system infrequently switches between the two st ates. We
go on to present some preliminary results of the thermodynam ics of
this driven system. We investigate the distribution of work done by
the external force, and nd that, even though the mean work don e
is guaranteed to be positive, there are some trajectories in which the
work done is negative. These trajectories allow us to examine the
work uctuation relations in this system.

The original material in this thesis is the result of collabo ration with
several individuals and some of it has been published elsewh ere. The
work presented in sections 2.5 and [3:7 has been published in Ref. [36],
while the material in sections @2 and @3 form the basis of the preprint
[37]. This work along with the remainder of the original materia | in
chapter@, was produced in collaboration with Fabio Pistolesi, Manuel
Houzet and Andrew Armour. The material in chapter [§resulted from
a collaboration with Andrew Armour.



THE SET

ecently it has become possible to create mesoscopic devices in

which electrons tunnel one-by-one through a series of junctions.
Such devices rely on the quantisation of charge and energy to func-
tion, this means that quantum mechanics is fundamental to th eir be-
haviour. Single electron devices also have important techn ological ap-
plications in metrology and sensing; as discussed in chapter [, they
have been used as ultra-high precision measurement devicesfor quan-
tities such as charge B8] and displacement[125, 139], and also there is
a possibility of using these devices for determining a new cu rrent
standard [140].

The particular example which we focus on this thesis is the si n-
gle electron transistor (SET) [4] (described in detail in the following
section). This device provides the prototypical example of a single
electron transport device. The SET can be made from metal which
is either in the normal state, or at low enough temperatures, in the
superconducting state. For a normal state SET, the transpott involves
individual electrons. For a superconducting device, the cu rrent can
be transmitted both by Cooper-pairs and, at high enough volt ages,
by quasiparticles. SETs support a wide range of different tr ansport
mechanisms, and can have rich and complex current-voltage charac-
teristics.

In this chapter we will introduce several transport mechani sms
which occur in SETs. We begin with a detailed description of t he
transport in a normal state SET in Sec.2I. Then, in Secl2:2, we give
a general overview of the techniques used to describe the dynamics
of the superconducting SET (SSET); we write down a Hamiltoni an
and show that, to correctly describe the transport, we need t o include
dissipation in our model. In the following sections we give d etailed
models for a variety of transport cycles in the SSET, in Sec.[2:3 we de-
scribe the Josephson quasiparticle resonance, in Seq4 we describe
the double Josephson quasiparticle resonance and nally, in Sec25
we describe the Cooper-pair resonances.



Figure 2.1.: A schematic diagram of the SET. The encircled region shows the
SET island.

2.1 normal state sets

A normal state single electron transistor consists of a small island
coupled to leads by tunnel junctions with capacitances C (). A
schematic of the circuit is given in Fig. 22 The electrostatics of the
system are controlled by two voltage sources; a source-drain bias, V,
is applied symmetrically across the junctions, and a gate vo Itage, Vg,
is applied to a gate capacitor, Cg. This then induces a polarisation
charge on the island[41], which we write in terms of the effective

number of electrons required to create it,

_ GgVy

Ng = e (2.0
which controls the energy levels of the island. Since the device is
not superconducting, transport is purely due to incoherent tunnelling
of electrons. To make sure that these electrons travel one ata time
through the transistor, we require the energy cost for addin g extra
electrons to the island to be the largest scale in the problem. This
charging energy is given by [41],

&

Ec = TN (2.2)
where Cg is the total capacitance of the island Cs = C_ + Cr+ Cq4. To
make sure that charging effects dominate over thermal uctu ations
we need E¢ kgT, and so the island needs to have a small capac-
itance, this means that the SET island needs to be physically small.
The energy of the system with n excess electrons on the island (as-
suming C_ = Cg) is given by the Hamiltonian[ 42,43,

H(n) = Ec(n ng)?. (2.3)

For certain choices of source-drain and gate voltage single electron
transport occurs through the device. To quantify the condit ions for



this we consider the change in electrostatic energy when an electron
tunnels at each junction. We choose the direction of the source-drain
voltage such that electron tunnelling occurs from left to ri ght across
the transistor. The change in electrostatic energy due to a forward
tunnel event at the left and right junctions is given by [ 141],

DE. = (H(n) H(n+ 1))+ %’ (2.4)

DER= (H(n) H(n+ 1)+ %’ 25)

In each case, the rstterm is due to the electrostatic energy difference
between the states before and after the tunnel event and the second
term is the energy gained due to the source-drain voltage. We then
substitute the Hamiltonians from Eqn. ( [2:3) into the expressions for
DE and obtain,

eV
DEL= Ec(2n+1 2ng)+ —, (2.6)

Y,
DEr= Ec(n+1 2ng)+ —. @.7)

So, if we choosél 0 ng 1, then the lowest two island states are
given by n = 0,1. In the low temperature limit considered here, the
only spontaneous changes which can occur are from higher to | ower
energy states, i.e. with DE > 0. This allows us to set a bound on the
source-drain voltage such that both the n = 0, 1 states are accessible
by allowed transitions and all others are forbidden,

max[(1 2ng),( 1+ 2ng)] min[(1+ 2ng),(3 2ng)]. (2.8)

e
2Ec
At voltages smaller than the lower bound, the system enters t he re-
gion of Coulomb blockadd1], where only one state is available to the
island and so no transport can occur: the system is stuck in a single
state. At voltages above the upper bound, another channel of trans-
port opens up, and three or more states are available for transport.
This Coulomb diamondtructure of available island states is shown in

Fig. 22, where we show the various states available as a function of
the gate and source-drain voltages.

We now limit ourselves to regions where single electron tran sport
can take place (the green region of Fig.222). To describe the dynamics
of the island in this region we use the orthodox modebf transport
through the SET [44]. This states that the transition rate at each of the
junctions is simply related to the free energy difference be tween the
initial and nal states. At zero temperature this is given by [ [44],

_ DE (R
Gr) = 2R Q(DE (). (2.9)

without loss of generality, since the replacement ng! ng 1 gives the same dynam-
ics but with the island states shiftedby n! n 1
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Figure 2.2.: A Coulomb diamond. The red regions are those where only one
state is available to the island and no transport is availabl e, the
green region is where single electron transport can take place
since two island states are available and the blue region shows
where more than two states are available and more complicated
transport occurs.

where Q( ) is the Heaviside step function which ensures the energy
differences are positive, and R is the tunnel resistance of the junctions.
We then assume that an ensemble of SETs can be described by prba-
bility functions  Py4)(t), which describe the probability of nding the
island in the state n = 0(1) at time t[@]. These evolve according to
the master equations,

Po= Pt GP, (2.10
PL=GP &RP. (2.1

The master equations can then be used to calculate the averag steady
state current though the SET,

hli = eG Py = eGPy, (212
which is given by,
: cene
hli = ———. 2.13
T (213

We will come back to systems involving normal state SETs in ch apter
[5 but for the remainder of this chapter and chapters [3and @, we turn
to the dynamics of superconductingsETs.

2.2 superconducting single electron transistors

Single electron transistors can also be made using supercorducting
material [@, @ [ﬂ] for the leads and island so that, at low enough

10



temperatures, the main charge carriers through the device are Cooper-
pairs. The tunnel junctions then become Josephson junctions which
allow quantum coherence between states with a Cooper-pair o n each
side of the junction to develop. This then means that a full qu antum
mechanical description of the system is required.

A convenient set of basis states which describe the Hilbert space of
the SSET island and leads consist of the stategn, N_i, where n labels
the island charge state and N, counts the number of electrons in
the left hand lead of the SSET. We choosédo count electron transport
through the left-hand junction (we could equally have writt en the
states with NR), we include this degree of freedom which is absent in
many models [[14, 46, 47], since it gives more information about the
current than just the island charge n, as we will see in chapter &

The Hamiltonian which describes the coherent evolution of t he sys-
tem contains two terms|[i41, 48, 4],

Hs= Hc+ Hj, (214)

where H¢ describes the charging energy of the island, this is very
similar to the classical Hamiltonian used to describe the no rmal state
SET in Egn. (2:3), and also includes a term which describes the energy
gain from the source-drain voltage,
. h n [
Hc= & Ec(n ng)?+ N_+ 5 €V in.Niihn,Nij. (215

n,N_

The term neV/2 arises from the fact that electrons on the island have
passed through one of the junctions and so enter the Hamilton ian
with half the energy cost of those in the lead. The Josephson wupling
is described by H; which couples states that differ by one Cooper-
pair transition,

E; o . . o . .
H;= ?Ja jn,NLihn+ 2,N_  2j+ jn,Niihn  2,Nj + hc,

n,Np

(2.16)

where Ej;is the Josephson energy of the junctions (taken to be equal),
and h.c. is the Hermitian conjugate. The rst term in this expression
(and its conjugate) describes Josephson oscillations at tke left hand
junction, which change the value of the counting variable, N, while
the second term describes oscillations at the right junctio n, which do
not change N_.

As with the normal state SET, the choice of ng and V have a strong
affect on the transport mechanisms available. Experimental results
for the current through a SSET as a function of both drain-sou rce
and gate voltage are reproduced in Fig. 23 (from [[13]). We see a
variety of features which can be attributed to the various tr ansport
mechanisms, which we will describe in detail in the remainde r of

11
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Figure 2.3.: Current-voltage characteristics of an SSET. The variousresonant
transport mechanisms discussed in the main text are labelled.
Adapted from [|E]

this chapter. At high source-drain voltage we see the curren t gets very
large. In this region, labelled QPs, quasiparticle tunnelling(described
in the next section) can occur at both junctions, this leads to behaviour
which is very similar to a normal state SET. At lower voltages than
this we see lines of high current, these can be attributed to Josephson
guasiparticle (JQP) resonances. At even lower voltages, atthe points
where two JQP lines would cross we see large peaks which are due
to doubleJosephson quasiparticle (DJQP) resonances.

The presence of a steady state dc current through the SSET canot
be explained without some form of dissipation, a simple Hami Itonian
description is not adequate. If the SSET island was completely iso-
lated from its environment, then the dynamics would simply e volve
coherently under the action of the Hamiltonian, and the equa tion of
motion for the density operato@] would simply be,

r= i[Hs,r], (2.17)

where, for simplicity, we now work with units where  h=e= kg =1

(unless otherwise stated). The long time behaviour of such an equa-
tion simply contains oscillations between states linked by the Joseph-
son Hamiltonian, and so only describes an ac current. To describe the

dissipative dynamics, we need to introduce dissipation to o ur system

induced by coupling to an external bath.

2.2.1 Coupling to an environment

In general an open quantum syste@] can be described by partition-
ing the universe into the systemwhich is the part that contains the

12



degrees of freedom we are interested in, and the bathwhich contains
everything else. The complete Hamiltonian can then be writt en as,

H = Hg+ Hg+ Hgpg, (218

where Hg contains operators which act only on the Hilbert space of

the system, Hg is the Hamiltonian of just the bath and Hgg describes
the interaction between the two subsystems. The complete evolution

of the full density operator of the system and bath is then giv en by
the coherent master equation,

r= i[H,r]. (2.19

This equation is usually too complicated to directly solve, and so ap-
proximations are made. In this thesis, we always work with sy stems
which can be described by a Born-Markov master equation [50]. This
relies on two approximation schemes for the above equation. Firstly,
in the Born approximation, we assume that the coupling Hamil tonian
between the system and bath is weak, in the sense that we can us per-
turbation theory in this Hamiltonian. Secondly, we use the Ma rkov
approximation, which requires the relaxation timescale of the bath to
be much faster than any of the dynamics of the system. This all ows
us to ignore any memoryeffects of the bath, and assume the evolution
equation for the system is local in time. After these approxi mations,
we end up with an equation for the reduced density operator of the
system, rs = Trg[r], where Trg is the partial trace over bath degrees
of freedom. This equation of motion is given by [ 50],

rg= i[Hs,r5]+ Lgrs, (220)

where L is a superoperatdi50] which contains all the remaining in-
formation about the interaction with the bath.

In the following sections, we outline the form of the Born-Mar kov
master equation descriptions, which we will use in the follo wing
chapters to describe the various current carrying processes in the
SSET. We will give brief overviews of the derivations for the JQP and
DJQP cycles, since complete derivations are available in the literature,
but, for the Cooper-pair resonances a master equation desciiption is
not available elsewhere, and so the description we provide ¢ ontains
rather more detail.

2.3 josephson quasiparticle resonance

We begin with the Josephson quasiparticle (JQP) resonance.Solving
the coherent equations above shows that, even at zero applied bias,
it is possible for ac Josephson oscillations to occur in the SSET. How-
ever, this does not on its own lead to dc current. For this to oc cur we
need dissipation, provided in the case of the JQP resonance ly a bath

13



DOCZOOC

Figure 2.4.: The JQP cycle. Cooper-pair tunnelling at the left junctio n is fol-
lowed by two quasiparticle decays at the right junction.

of quasiparticlescollective excitations which, for the purposes of this
thesis, behave exactly as electrons in a normal conductor. For quasi-
particle transport to occur, the applied bias needs to be hig h enough
to overcome the gap in the density of states, V > 2D, where D is
the superconducting gap. When this condition is met, the tra nsport
can involve a mixture of both resonant Cooper-pair transpor t and
guasiparticle decays. Under certain conditions, this comb ination of
coherent and incoherent effects can lead to the JQP cycld5], [12, 57];
the steps involved are shown schematically in Fig. [24. We choose the
left-hand junction to be resonant for a Cooper-pair transit ion, while
guasiparticle decays occur at the right-hand junction, the results pre-
sented are equally valid for the reverse situation. The JQP resonance
is referred to as a cycle since the number of Cooper-pairs on the is-
land returns to its initial state ( n = 0 in Fig. [24), but the counting
variable N, decreases by 2 each cycle, and so a dc current results.

Resonant Cooper-pair oscillations can occur when two states for
which the number of Cooper-pairs on the island differ by one a re
degenerate in charging energy. Labelling these states asjO,N_i and
j2,N_ 2i, the resonance condition becomes|p3, 4],

V = 4Ec(1  ny). (2.21)

This is derived by setting the charging energies of the two st ates
equal, hO,N_j HcjO,N i = 2,N. 2 H¢j2,N. 2, with Hc de ned
in Eqn. (215. In Fig. we see the JQP features as lines of en-
hanced current. Here we focus on one of these features descrbed
by the expression above. There are, of course, a whole set of eso-
nance points at which the JQP cycle takes place, for example,when
the statesjn,Npi and jn+ 2,N_  2i are resonant, along the line V =
4Ec(1  ng+ n), which, together with the resonances at the right
hand junction, gives the pattern of lines seen in Fig. 23, All of the re-
sults presented here are valid for any of these other JQP cycks, with
trivial shifts in the de nitions of n and N_. This leads us to naturally

14



introduce a parameter which describes how far the system is d etuned
from the JQP resonancellL5]

d= 4Ec(1 ng) V. (2.22)

For the JQP cycle to occur, we need to provide enough energy to allow
the quasiparticle decays to occur. To be able to break up Cooper-pairs
on the SSET island we need the applied voltage to be able to overcome
the superconducting gap, D. This condition can be derived in the
same way as we did in Sec.i21;, for the normal state SET, including
an extra energy cost, D, to be overcome [54, 14]. This leads to the
following result for the two decays to be energetically favo urable,

V 2D Ec n=2! 1, 2.23)
V 2D+ E¢ n=1! 0, 2.24)

since the condition forthe n= 1! 0 transition is always more strin-
gent, we only need to make sure the voltage is high enough to satisfy
this, as thenn = 2! 1 will automatically be satis ed. There is also
an upper limit to the voltage at which the JQP can be seen. For drain-
source voltages, V > 4D, quasiparticle tunnelling is favourable at
both junctions, and so incoherent transport dominates, and the SSET
behaves as a normal state SET. This can be seen in the experimdal
results in Fig. in the region labelled QPs, where the Coulomb
diamond structure can be clearly seen.

We now calculate the rates for the quasiparticle decays, Gy, (as
labelled in Fig. 24). To do this, we employ a slightly more sophisti-
cated approach than we did for the normal state SET in Sec.l2Zll The
tunnel rates depend on the density of states available for th e particle
to tunnel into, and the energy which it gains by tunnelling. T he rates,
calculated using Fermi's golden rule, are given by[ [54],

1%¥ h i
G_|_(2) = R y $(e)$ e+ E1(2) f(e) 1 f e+ E1(2) de, (2.25

where f(e) is the Fermi occupation at a given energy, which, at T =
0, is simply f(e) = Q( e) with Q() the Heaviside step function.
This expression is only valid when the junction resistances are small
enough to use perturbation theory, which is the same conditi on on
that used in the Born approximation for the master equation. The
energy gained in each quasiparticle decay, E;(y), is given by [(15],

Ei1=V+ Ec+ g, (2.26)
E,= V. Ec+ g. 2.27)

We have also introduced the density of states at energy e, which, for

a superconductor, is [54],
s

$(e) = Q(¢* D?)

eZ
& D2

(2.29)
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Figure 2.5.: Dependence of quasiparticle rate on the energy difference for
the transition, G(E).

In Fig. [2-5we show the dependence of the quasiparticle rate on energy.
We see that the rate is zero for applied bias below the threshold, V <

2D, and increases, to a very good approximation, linearly abov e this.
The energy dependence of the rates close to resonance is rathr weak,
and so from now on we simply use the on-resonance values for th e
decay rates 4, |15, 47].

2.3.1 Master equation

We now sketch the derivation of a Born-Markov master equation ,
which can describe the full quantum dynamics of the SSET tuned
close to the JQP. We do not give a full details of derivation here, a

more complete derivation can be found, for example, in Refs. [53, 48,
4,115]. The Hamiltonian is, in this case, given by [ 53, 48],

H = Hs+ Hgp+ Hr, (2.29

where Hgp describes the bath provided by the quasiparticles, and Ht
is the tunnel Hamiltonian which couples the SSET island to th e bath,
these are the bath and coupling Hamiltonians for our system ( as in
Eqn. 218). We assume that the quasiparticle bath is weakly cou-
pled to the system Hamiltonian, which is equivalent to assum ing that
the junction resistances are large, R Rq, Where Rq = €/ h is the
guantum of resistance, and that the decay time of the bath is short
compared to all other timescales (this is equivalent to requ iring that
Ec is the dominant energy scale [55]). This results in a standard Born-
Markov master equation for the evolution of s, the reduced density
matrix of the SSET [56, 14, 57, 1417],

s = i[Hs,S]+ Lgps, (2.30
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where we only include the terms relevant to the JQP in Josephson part
of Hg, since all of the other terms are far from resonance [53, 48, 4],
- EJ o . .
Hy= ?a JO,NLih2,N_. 2]+ h.c.. (2.31)
N

The dissipative part of the evolution is given by [ 53,48, 4],

Lgps = & GL[j1,NLih2,Njsj2,NLihl, N j
N
1/2 £j2,NLih2,Nj,sg] (2.32)
+Gz[jO,N|_|hl,N|_JSjl,NLlhO,NLJ
1/2 £j1,NLih1,Nj,sg].

For the purposes of calculating the average current and charge
noise (as we will go on to do in the following chapter), we cant race
out the counting degree of freedom, N, and introduce the reduced
density operator,

ri=a h,Nijsjj,N_+ g, (2.33)
N
where q is chosen to pick out the relevant coherences, i.e. forrgg we
use g = 0, but for ryg we need to use q = 2. This leaves us with
a simple equation which only describes the evolution of the d egree
of freedom corresponding to the charge on the island [ 114, 46, 47]. We
notice that the only coherences which couple to the diagonal elements
of the density matrix are those between the states which are linked by
the resonant Josephson transition, jO,N_i and j2,N_  2i. Therefore,
we only need to consider the evolution of ve elements of r which
are given by,

roo= Grix iJ(ro2 roo), (2.34

rii= Gra Graa, (2.39)

roo= Groo+ iJ(ro2 ro0), (2.36)

roo= 1J(roo ra)+ id % r o2, (2.37)
. Y

roo=iJ(roo ro2)+ id 5 T (2.38)

where J= Ej2. This set of equations can be converted into a matrix
equation,

dirii
dt

where we now work in Liouville spac§49, 58, 159, 60] in which opera-
tors in Hilbert space are described by vectors such as,

= Mj rii (2.39)

jrii =(roo,r11,722,r02:r20)", (2.40)
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and the evolution is described by a superoperatorvhich in Liouville
space is the matrix M . This has the form,

0 1
0 & O iJ iJ
0 G G 0 0

M=Bo0o 0 G iJ iJ : (241)
iJ 0 iJ id G/ 0
iJ 0 iJ 0 id GJ/2

We can then nd the unique stationary state density matrix as t he
eigenvector of M with eigenvalue 0,

Mj Qii = 0, (2.42
where jOii is the vector representation of the stationary state density

matrix normalised correctly sothat rgg+ rqp+ rop = 1.

2.3.2 Average current

The average current at the JQP can then be calculated in a simiar
way as for a normal SET, if we count the number of particles whi ch
go through the right-hand (incoherent) junction thenwe ndt hatthe
stationary state current is simply,

hli = Gros+ Grg, (2.43)

where the density matrix elements are evaluated in the steady state.
This gives the simple expression[51, 4],

2E3G,
4P+ G+ E3 2+ &

hi = (2.44)

which is a Lorentzian as a function of detuning, d. We note that,
around the resonance, the energy dependence of the quasipaticle
rates, Gy(y), is rather weak, and the main voltage dependence of the
current is due to the detuning parameter, d. In the following chap-
ters, to simplify our model, we will ignore the difference be tween
the two quasiparticle rates, since this does not signi cantl y alter the
results [15, 57, 47].

24 double josephson quasiparticle resonance

At the pointin the V-ng plane where two JQP lines would cross trans-
port in the SSET becomes dominated by the double Josephson quasi-
particle resonance (DJQP)IL4, 55, |15, 57], as has been observed by a

variety of experimental setups[61,13, 162, &]. A schematic of the cycle
can be seen in Fig[2.8. The cycle consists of two resonant Josephson
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Figure 2.6.: The DJQP cycle. Quasiparticle decays and Cooper-pair tun
nelling occurs at both junctions.

transitions, one at each junction, linked by incoherent qua siparticle
decays. The DJQP occurs at lower voltages than the JQP cyclepe-
cause the limiting quasiparticle decay, n = 1! 0, is not involved.
The signature of the DJQP can be seen in the experimental resuts
reproduced in Fig. [2-3, where at voltages below the JQP lines a large
peak is seen in the current.

The description of the DJQP follows a natural extension to th at
presented in the previous section for the JQP resonance. Thecon-
dition for resonant Cooper-pair transport at each junction is given
by [114, [15],

4Ec(ng 1)+ V =0, (2.45)
4Ecng V =0, (2.46)
which implies that the DJQP occurs when ng = 0.5,V = 2Ec. It then
follows that the DJQP is only seen in the vicinity of a point in  Fig.

whereas the JQP resonance was a line. We can then identify two
detuning parameters, one for each junction as,

d = 4Ec(ng nH+V, (2.47)
ok = 4Ecng V. (2.48)

The quasiparticle rates can be calculated in exactly the sanme way as
for the JQP in Eqn. (2:25). This leads to the result that, for the relevant
guasiparticle transitions to be energetically favourable , we require,

V 2D E.. (2.49)

Combining these results, on resonance, we need system paraneters
such that 3Ec 2D, to ensure that all of the conditions are met to

observe the DJQP. We nd at the centre of the DJQP resonance the
two quasiparticle rates are the same, G = Gg, since the two quasipar-
ticle processes have the same energy gain at this point[L5]. Since
the energy dependence of the rates is weak (as for the JQP), we
will simplify our model by using the on-resonance values, an d set

G = &= G[14,55,115].
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2.4.1 Master equation

The master equation for the DJQP can be derived in exactly the same
way as for the JQP [14, 55, 57, 115] (making the same Born-Markov
approximations), to nd the form[ [14],

s = i[Hs,s]+ Lgps, (2.50

where the Josephson part of the Hamiltonian includes the tra nsitions
at both junctions, since they are both resonant at some point in the
cycle [55],

H, = %é(jO,NLihz,NL 2+ 1,NLihL,Nj+ he). (251)
N

The dissipative part of the master equation describes the quasiparticle
decays and can be written as [48, 55,

Lgps = & G J1,NLih2,Nijsj2,N ihL, Nyj
N

%fj 2,N|_ih2,N|_j,Sg
(2.52)
+G jO,NLih L,N. 1jsj L,N. 1ihO,Nij

%fj l,NLlh l,NLj,Sg .

We can again, as with the JQP, trace out the degree of freedom
associated with N, by de ning the same quantity as in Eqn. ( [2:33),
which then leaves us with an equation of the same form as Eqn. (2:39),
but now the density matrix vector contains the eight element s,

jrii =(roor22,ro2r20," 1 1,711,7 11,71 1) . (253

We include the evolution of the four charge states involved i n the cy-
cle,(roo,r22,r 1 1,r11),and also four coherences,(roz2 r20,r 11,r1 1),
two for the resonant Cooper-pair tunnelling at each junctio n. The evo-
lution matrix is given by [ [55],

0 1

o 0 iJiJ G 0 0 o0

0o G iJ i 0 0 0 O

iJ g 0 0 0 0 O
M=EW W0 G 0 0 0o o o

o 0 0 0 G 0 i3 iJ

0o G 0 0 0 0 i3 iJ

0 0 0 0 J iJ G O

o 0o o0 o0 iJ iJ 0 G
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where GL(R) = idyr) G2, and we have chosen the order of the
basis in such a way that it emphasises the block structure. The top left
4 4 block of M describes the coherent Josephson oscillations at the
left junction, while the bottom right block describes the os cillations
at the right junction. These blocks are linked by the two G terms
which correspond to the incoherent decays which link the two sets of
oscillations.

2.4.2 Average current

Calculating the average current at the DJQP is slightly more com-
plicated than for the JQP, since both junctions involve the c oherent
transport of Cooper-pairs, and so rate equation arguments are not so
simple to apply: there is no simple rate associated with the Joseph-
son transitions. To overcome this problem, we note that the average
current is simply accounted for by counting charges through the de-
vice and so an incoherent model of the transport is suf cient[ 55]. To
produce this model, we adiabatically eliminate the coheren ces from
the evolution matrix, by substituting the steady state valu es for the
coherences into the evolution equations for the population s. This
then gives an effective incoherent model for just the evolut ion of the
probabilities. This is described by the matrix [ 155],

0 1
gL gL G 0
+ G 0 0
M o = % g (0*+Q E , (2.55)
0 0 (9r+* O Or
0 G gr gr
where,
EiC (2.56)
IR = 7o 1 ~* .
4dE(R) + @

describe an effective incoherent rate for Cooper-pair tunn elling at the
left (right) junction, and we use the basis jrii = (P, P, P 1,P)7,
with P, the probability of being in the island state n = i. We can then
use rate arguments to nd the current as,

hli = 2g|_(P0 P2)+ GP ;. (2.57)

where the P's are evaluated using the stationary state of the evolution

matrix, M inc. This gives the result[13, 55]
3E3G

2@ + 4EZ+ 4 + )

hi = (2.59)

We see that, for given system parameters E; and G the current is a
Lorentzian peak with a maximum at zero detuning, d. = dg = 0, as
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Figure 2.7.: Experimental results showing the low voltage Cooper-pai r reso-
nances, as the diamond shaped pattern. Reproduced from Ref.

with the JQP, but now we have two detunings and so the DJQP feat ure
is seen as a 2D Lorentzian peak as a function of the two voltages. This
peak can clearly be seen in the experimental results of Fig.[2:3, at the
points where pairs of JQP lines would intersect.

25 cooper-pair resonances

We now turn to a slightly more complex transport process inth e SSET,
the Cooper-pair resonanc@, B E @ @) @] (CPRs). These are
features which occur at voltages much lower than the JQP and D JQP,
where transport is dominated by the coherent transfer of one or more
Cooper-pairs across both junctions of the SSET. At these lowvoltages,
there is not enough energy provided to break the superconduc ting
gap thus the bath which causes dissipation and decoherence is not
provided by quasiparticles (as it was for the other resonanc es), but
instead is the electromagnetic environment in which the cir cuit is
embedded. These features have been observed in measuremntsof
the current through the SSET at low voltages. One set of results is
shown in Fig. [2:7] (reproduced from Ref. [165]), the highlighted series
of lines which depend on gate and drain source voltage are due to
the CPRs.

In this section, we develop a detailed model of the SSET close to
the CPRs, including the electromagnetic environment for th e transis-
tor, which requires a different treatment from that used for the JQP
and DJQP resonances. We note that, throughout this section,we will
go back to using dimensionful units, since we will often refe r to ex-
periments to pick realistic parameter values.
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Figure 2.8.: Circuit diagram of the SSET. The SSET island is linked to the
leads by the Josephson junctions, J (), and is coupled to the
voltage gate by the capacitance Cg. The bias voltage, V, and
impedances in the circuit, Zg, are taken to be distributed sym-
metrically.

25.1 Model System

The SSET, including the embedded environment, is shown schemati-
cally in Fig. For simplicity, we assume that the drain-source bias,
V, is applied symmetrically and take the junctions to have equ al ca-
pacitances, Cj, and Josephson energiesE;. A voltage, Vg, is applied

to the gate which has capacitance, Cy (assumed to be much less than
C,). The electromagnetic environment of the SSET is modelled by the
impedance Z, distributed symmetrically between the leads. Since

the transport involves only Cooper-pairs, we use the slight ly different

de nition of the charging energy of the island, Ec = 4€?/2 Cg, which

we assume is the dominant scale in the system, so thatEc kgT, E;.
We again describe the state of the SSET byjn, N_i, but now n counts
the number of excess Cooper-pairon the island, and N, the number
of Cooper-pairs in the left hand lead [ 152, 45, 164].

The full Hamiltonian of the system can be written as,

H = Hs+ Hiy + Heny, (2.59

where Hepy is the Hamiltonian of the electromagnetic environment,
and the SSET Hamiltonian, Hsg, consists of two parts Hg = Hc + Hj.
The charging Hamiltonian of the island is,

Hc= & alEc(n ng)®+ 2eV(N_+ n)]jn,Niihn,N.j, (2.60)
n=0,1N_
where ng = Cy4Vy/2 eis the number of Cooper-pairs equivalent to the
induced polarisation charge. The sum runs over n = 0,1, since we
have chosen 0< ng < 1 such that these are the only available states
for the island, at low temperature, as with the normal state S ET.

It is useful to introduce the new counting variable k = ( Ng
NL)/2, with Ng the number of Cooper-pairs in the right reservoir[ 145].
This takes into account transitions at both junctions, and m akes it eas-
ier to visualise the state of the system. We can then label the state with
the complete basis setfj n, kig.
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The statesfj n, kig can be separated into two ladders: fj 0,ki ,j1,k+ ¥ 2ig
and fj 0,k+ ¥ 2i ,j1,kig, where k is now an integer. Josephson cou-
pling links together adjacent members of the same ladder, but does
not connect states from different ladders. Since the drain-source volt-
ageV 2D, we may assume that quasiparticle tunnelling (which can
link the ladders) is negligible, hence we need only consider one of the
sets of states. Choosing the ladderfj O,ki ,j1,k+ ¥ 2ig, the Josephson
coupling between states is given by [145, 66],

Hy= %é(]o,kih1,k+ Y2j+ jo,kihl,k Y2+ hc). (261
k

We assume that the dominant source of dissipation and decoher-
ence of the SSET is the electromagnetic environment, modeled by
the impedances in the leads connecting it to the voltage sources. The
impedances lead to uctuations in the drain-source voltage ,d\7,which
couple to the system operator, k, and give rise to the interaction
Hamiltonian (a detailed derivation of this is given in appen dix A,

Hine = 2ekaV. (2.62)

The effects of dV on the SSET are determined by the equilibrium
spectrum of the voltage uctuations, which takes the form[ 41,45, 67,
66, 2],

Zy
4¢ ) hdV (t)dV (0)i et dt

Sv(w)

8e?hw
= WRG[ZT], (263

where Z1 = ( Z, 1 iwC¥ Cs) lis the total effective impedance seen
at the junctions. At the low frequencies which turn out to be r ele-
vant for the system dynamics, w  (Re[Z7]Cj) 1, we can ignore the
second term in the de nition of Z1 above and take RgZt] = Re[Zg].
We further assume that the embedding circuit provides a low, real
(Ohmic) impedance, to ensure weak coupling to the environme nt,
which allows us to use the Born approximation later. This amo unts to
assuming that Zp = R R, where Rq is the quantum of resistance,
such as would be generated by a transmission line[|3]. Our descrip-
tion can easily be extended to take into account a nite impeda nce in
series with the gate voltage [66], but since we take the limit Cy  C;,
this has a much weaker in uence, and so we neglect it here (see ap-
pendix Affor details).

The voltage dependence of the charging energy leads to resorances
where the eigenvalues of the charging Hamiltonian, Hc (Eqn. [2.60),
become degenerate. The charging energies of the stateg0,ki and
jl,k+ p+ ¥Y2i, where p = 0,1,2,..., become degenerate at particu-

lar values of the drain-source voltage, V = v,gfg), are given by (2p +
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Figure 2.9.: Energy levels of H¢, (a) with V = Vr(els) at the p = 1 resonance

and (b) with V & Vr(eos) for p = 0. The dashed lines enclose the
doublets: the energy levels which are almost degenerate near
the given resonance.

1)e\/r%2) = Ec(1 2ng). The energy levels nearthep = Oand p= 1
resonances are illustrated in Fig.[2:9,

The dynamics of the system around the resonances can be thoudgt
of as follows. Since E; Ec for most choices of operating point,
the charging energy dominates, however, close to degenerades in the
charging energy, the Josephson coupling becomes important, and the
pairs of states,j0,ki and j1,k+ p+ ¥ 2i, become strongly mixed, form-
ing doublets. The interaction with the environment can then cause
the system to decay into the neighbouring doublets with lowe r energy.
Taken together, the coherent evolution and decay form a cascade in
which kincreases systematically, and hence a dc current ows. Away
from the resonances, the coherent evolution is suppressed,and decay
processes cannot take the system to ever higherk values, so the cur-
rent is also suppressed. Thus, the degeneracies in the chargng energy
lead to resonances in the current|52, |63, 45, 68, |66]. The one excep-
tion to this picture arises for the p = 0 resonance, where one can see
from Fig. [2:9(b) that, for voltages above resonance,V > Ecjl 2ngj/ g
the system can move inde nitely to larger values of k, via incoherent
decay processes alone. Hence in this case the resonance beowes
strongly broadened on one side [|45, [66].

2.5.2 Master equations

Having seen how and where the Cooper-pair resonances arise, we
now proceed to derive a quantitative description of the char ge dy-
namics of the SSET that includes the dissipation and decoherence
induced by the electromagnetic environment. As a rst step, w e use
a unitary transformation method to derive an effective Hami Itonian
which provides a systematic way of accounting for the cohere nt effect
of the Josephson coupling between resonant states. We then poceed
to derive the master equation for the SSET, tracing out the environ-
ment using the Born-Markov approximations. The resulting ma ster
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equation can then be used to derive a much simpler equation th at
describes just the SSET island charge.

25.2.1 Effective Hamiltonian

Close to the p-th Cooper-pair resonance, and provided that the volt-
age, V, is not too small, the eigenvalues of the SSET charging Hamil-
tonian are grouped into doublets, fj0,ki,j1,k+ p+ ¥ 2ig, with the
spacing between members of a given doublet much less than the
spacing between the doublets. If the voltage drops below a certain
threshold, the resonances start to overlap, since the various values

of vr(.;;) get very close together at low voltages, and the simple pic-
ture presented above breaks down. When all of these conditio ns are
met, the main effect of the Josephson Hamiltonian is to intro duce
couplings between states within each doublet. Since the full system
Hamiltonian cannot be diagonalised exactly, we treat the Jo sephson
coupling as a perturbation, and use a unitary transformatio n to de-
rive an effective Hamiltonian which takes into account the m ixing it
induces between states within a doublet[l69)].

In the full Hamiltonian, the Josephson terms link states whi ch are
far from resonance, these terms taken together form an effedive link
between the states in the same doublet. We therefore wantto nd a
transformation to the Hamiltonian which makes this structu re obvi-
ous. We seek a unitary transformation, U, such that the transformed
Hamiltonian, H2 = UHsUT, is block diagonal in the space of the
doublets. This transformation is found as a perturbation se ries in E;,
and we keep only the leading order contributions and those wh ich
occur at the correct order to describe the resonant coupling (details
are given in appendix B). This results in an effective system Hamil-
tonian which is block-diagonal in the pairs of nearly-reson ant states
fi 0,ki ,j1,k+ p+ ¥ 2ig. Each block takes the form,

!

HY = E DE & , (2.64)
J E+ DE
where E = 2eVkis the average charging energy of the resonant

states, and J, is the high order coupling between the states. For p 1,

X
2p !
2ev® " (p)?
where q= 2p+ 1 and J= Ey/2. Forthe case p= 0, J, = J This term
links the two resonant states by Josephson transitions at the junctions
since there are g such Josephson event this occurs at orderq in the

perturbation theory. The splitting between resonant state s, DE, is
given by,

b=( 1P (2.69)

Ec(1 2ng) gev F 2q
2 ewR & 1

DE = (2.66)
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The rst term is the electrostatic energy difference between the states,
and the second term is a correction which arises at second order in
the perturbation calculation @ For p = 0, the second order correction
is given by ?/ (eVi).

The block Hamiltonians are diagonalised by a rotation, Ua = e 'S
where sy is the usual Pauli matrix, to give the eigenstates of the dou-
blets,

cosajo,ki + sinajl,k+ (2p+1) 2i , (2.67a)
sinajo,ki + cosajl,k+ (2p+1)/ 2i . (2.67h)

jaki
jb, ki

The corresponding eigenenergies are,E;y = E DEC Epk = E+ DE?
where a is de ned by,

O |
sin2a = DEC (2.68a)
DE
cos2a = DEY (2.680b)
and the energy level splitting is,
q__
DE®= sgn(DE) DE2+ R, (2.69)

which changes sign at the resonance.

Note that the description of the system in terms of doublets i s only
valid within a region around each resonance. The requiremen t that
the spacing between energy levels in the doublet should be much
smaller than the spacing between the doublets means that we must
have jDE§  eV.

2.5.2.2 Born-Markov description

We now use the block-diagonal form of the Hamiltonian to deri ve
the master equation for the SSET. To do this we need to calculae
the different decay mechanisms which link the various state s of the
system. We will nd that there are two important types of decay
rstly the inter-doublet decays which link states in differe  nt doublets
and also the intra-doublet decays which link states within t he same
doublet.

We assume that the interaction between the SSET and the bath
weak[67], R Ro, and that the bath has a suf ciently dense spec-
trum of levels that the standard Born and Markov approximatio ns
can be made [69].

We evaluate J, and the second order correction to DE using the resonance value

for the voltage, V = Vr(éi), as these terms only give a signi cant contribution in the
vicinity of the resonances when the electrostatic part of DE is small. Making this
approximation simpli es the calculation of the perturbati on series.
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Written in terms of the eigenstates of the system Hamiltonia n, the
Born-Markov master equation for the components of the SSET den-
sity operator, s, takes the form|[69],

dSmn _ $° ~
at = a RmnmoSnmo- (2.70
o

The tilde denotes the interaction picture, and the sum is ove r only
the secula@ terms, for which wmp = Wy, With wpp, the frequency
difference between eigenstatesmand n. The coupling tensor, R jno
which describes how different states couple to each other in the mas-
ter equation, is given by,

Zy
R mnre0 = dt
" On # !
9(t) duo & K KOt K e
o # 14
+9( t) dnp a Ko kSeWmd KO kO et (2.72)
n

where k®= UkUT, and g(t) = 4(&h)2hdV (t )dV (0)i is the correlation
function of the electromagnetic environment whose propert ies were
speci ed in Eqn. ([2.63).

The transformed operator k°(given explicitly in appendix B)Itakes
the form of a power series in J,

K= kO + kD + k@ + .72

where the term k(" is n!" order in J. We proceed by expanding the
terms of the form k% k%, in R up to second order in J. The ze-

roth order term, ff]?ﬁkﬁ?o, is diagonal in the charge state basis and
generates dephasing of the charge states. For states withinthe same
doublet, this leads to dissipative transitions between the eigenstates
(intra-doublet transitions). The next non-zero contribut ion comes
from terms of the form kfnlzﬁkﬂo, which link states from a given dou-

blet with states in the nearest neighbour and next-nearest neighbour
doublets, leading to inter-doublet transitions. The same g eneric de-
scription applies to all the resonances with p 1, but, forthe p= 0
case, the states in a given doublet only couple to one other doublet
leading to a slightly different form for the master equation , as we

discuss below.

Secular terms are those for which jwmn  Wppo 1/ Dt where Dt is the coarse-
graining timescale (much larger than the correlation time o f the environment, but
much shorter than the timescale over which § evolves) over which the master equa-
tions are valid. Only terms where wWmpn= Wppo are included since the smallest Bohr
frequency in the system is J,/'h which we can safely assume is much larger than
1/ Dt.
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To calculate the inter-doublet terms, we note that close to r esonance,
the inter-doublet transitions occur on a much larger energy scale than
the spacing between levels in the doublet, peV DEC This allows
us to simplify the calculation by ignoring the J, terms in the block-
diagonal Hamiltonian (Eqn. ([2.64)), and treat the charge states,jn, ki,
as the eigenstates of the system. Thus, using the charge stat basis,
the inter-doublet contributions take the form,

dSi, o0 " )

Y = GS oy, + GRS o
dt  ner 1k+ 1 2,1k% ¥/ 2 1k Y2,1K0 Y2 273%)
GorSok, 0kos
ds )
%ﬂ@“ﬂ = (G+ &R+ G)Swrv21@ v 2 (2.730)
inter

ds + )

— - e, Gok Sok,1k0+ ¥ 25 (2.73)
dt inter 2 ’

ds + )

%0 = % + Gok Sk v 2,000 (2.73d)

inter

where we have assumed kgT ~ peV, and the dephasing rate is given
by,

Sv(0)
2R?
with Dk = k;  k; for §, j,. The transition rates at the centre of the

resonanc@ are given by,
|

Gox = —-2DK?, (2.74)

3 Psu(wy)
= Ly 2.7
eVl @79
! 2
_ J S (W2p+ ) 2.76)
4p+ 1)evid R

with w, = 2pe\4(e2)/"h. For the p = 0 case, there is only one decay
channel linking different doublets, and the associated ene rgy differ-
ence is 2V. Thus, provided 2eV kgT,DEC the same set of inter-
doublet terms is obtained, but with G_ = 0.

To calculate the terms in the master equation describing the intra-
doublet transitions, we need to use the full eigenstates of the sys-
tem (Eqn. (2.67), and take account of the effects of the J, terms in
the Hamiltonian. The energy differences between the states within a
doublet can be much smaller than those between the doublets, and so,
in this case, we include the effects of a nite temperature by k eeping

All of our calculations are performed in the vicinity of the r esonances and so we
generally evaluate G r using the resonance value for the voltage, V = V,(J;)
within the range of voltages over which the doublet picture i s valid these quantltles

are typically very slowly varying.
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the nite temperature part of the voltage uctuation spectru  min Egn.
(2.63). This leads to the intra-doublet equations,

ds - -
g:ak = OpaSbkbk  JabSakaks (2.77a)
intra
ds ~ o
g:bk = QabSakak  IbaSbkbks (2.77)
intra
d§ak,bk Jabt Oba »~
= —FF S kbks (2.77C)
dt intra 2 ?
dSpkak _ Jabt Oba »
T = — 5 Spkaks (2.77d)

intra
where gj; gives the transition rate between the states, ji, ki and jj, ki,
within the k-th doublet. These have the form,

2p+1 %, ,Sv(w;)
5 2 =

gij = (278)
where s= sina, c= cosaand wWy,= Wpa= 2DEYh.

Finally, we transform the inter-doublet contributions, Eq n. (273,
into the eigenstate basis, and combine them with the intra-d oublet
terms, Eqn. 2:77), to obtain the full master equations of the system.
For suf ciently weak dissipation, G gy | Way, it is possible to sim-
plify the master equation signi cantly by making a further ro tating
wave approximation (RWA). In this approximation, we only ke ep
terms which couple a population to a population or terms whic h
couple a coherence to another coherence with the same energyspac-
ing [69). After this approximation the master equation takes the fo rm,

dSak a0 - ~
% = Ggasakl,alq + C'ﬁasbkl,bkﬁ’

+ G 1§akz,akg + G 1§bk2,bkg+ 90Kk pi0
(G+ Gat Gy '+ G’ + 92+ Go)Sakae,  (27%)
Bowe = s o+ P8
dt Lboak,akd bSbly,bK
+ ¢ 1§akz,ak2 + Gy 1§bk2,bkg+ 9 Sakak
(Gat Gt G+ G+ gbs + Gon)Sokpie, (2.7%)

|
~ ' +1 +1°
dSakka _ @a"' ng g a *t b g
dt - 2 akl,bkg) 2 akz,bkg
G+ &R 2
5 * a0k + Gok  Sakpie,  (27%)
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where k; = k p, ko = k p 1and G{J’ are the transition rates
between the statesji,k+ pi!j j, ki, which are given by,

Ga= G,= G, (2.800)
a= Gt = ;S (2.800)
G,= G, (2.80c)
Grt= Geet, (2.80d)
d,= G, (2.80e)
Pl Gt (2800
We have also de ned,
< _
8 ’ " ,
< Qab* Gba =
9 = - gp—ﬂ (c*+ s*) + Dkcos Zai o+l 50(0) Et; z
2 2 R2 .
(2.82)

For the RWA to be valid, the incoherent decay rates must be much
smaller than the Bohr frequency associated with the doublet s, which,
for p 1, resultsinthe condition G 2jJ,j/ h(since G is the largest
decay rate). From Egs. .65 and (2:75), we nd that, hG/jJj u
(R/ Ro)(eM®/ )2 1. By tuning the gate voltage, V& can take on
any value in the range 0 < (2p+ 1)e\/r(e’§) < Eg, thus, for a given
value of R, the requirement that the RWA is valid puts a limit (which
becomes stricter as p increases) on the maximum voltage that can
be considered. Our interest here is in the regime where the SSET
charge dynamics are largely coherent, leading to sharp resonances in
the current, and hence we naturally focus on the regime where the
RWA is valid. Since these conditions can only be met in practi ce [66,

3, 165] for the lower values of p, we will concentrate on the p= 0,1
resonances.

The master equations bear a strong resemblance to those whid
describe the radiative cascade of quantum optics [69]. In the radiative
cascade, a laser eld drives a two-level atom, and when the eld is
treated quantum mechanically, the eigenstates of the system are atom-
eld hybrids (dressed states). Decay processes lead to a casade in
which photons are emitted, and the laser state moves progressively
towards lower photon numbers. Analogously, in the SSET, the states
fja ki,jb kig are like the atom-laser dressed states, with the island
charge states playing the role of the atom, and k like the state of the
laser. In this case, decay processes generate a cascade, inhich the
system evolves towards states of ever increasingk.
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2.5.2.3 Effective two-level system

Although the full master equation for the SSET is rather comp licated,
it is possible to derive a much simpler set by tracing over the charges
that have passed through the SSET. We de ne the full set of redu ced
coherences,

rj (0= & h.k+ gs(t)jiki, (283
k
and, carrying out the trace over k, we obtain a much simpler matrix
equation,
djr 9ii

e (2igev+ M 9jrii, (2.84)
where jraii = (raal oy Moy oe) - Within the RWA the form of the
evolution matrix, M 9, is given by,

0 1
(G+ G) G 0 0
M 9= % Gl (G+ Q) 0 0 g
0 0 (iWab+ d(joh)
0 0 0 ( iWap+ G )
(2.85
where G; = Gpy=q and the other rates are given by,
G=(G+ G)costa+ g, (2.86)
G = (G + G)sin*a+ gy, (2.87)
_ (GL+ R)(1+ 2¢%H)
Glon = 5 +gl + G (2.89)

By taking g = 0, we obtain the equation which describes the evolution
of the island charge. This is equivalent to the evolution mat rices
presented earlier for the JQP and DJQP. The resulting masterequation
describes a two-level system (TLS) which is both driven and d amped.
The full density operator, s, does not have a steady state, the sys-
tem cascades to increasing values ofk, as charge tunnels though the
transistor. The reduced equations derived above, however, do have a
well de ned steady state. All of the reduced coherences, wher eq 6 0,
are zero in the steady state, rﬂgo = 0. Theq = 0 case has the steady
state: I ,.py = Gua/ (Ga+ &), and r, = 0. Note that here, and in
what follows we drop the superscripts on r and Gfor the caseq= 0.

2.5.3 Average current

We now go on to calculate the steady state average current, hli, through
the transistor. The current is determined by the rate of chan ge of the
number of Cooper-pairs which have crossed the device,

hi = 2% = 2eTr[k%S]. (2.89)
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Figure 2.10.: Current-voltage characteristics of the SSET in the vicinity of (a)
the p = 0 resonance (b) thep = 1 resonance. The current is
scaled by Ip = (G + &) in each case. The values of the other
parameters are given in the text. In (a) we also show in the
dashed, red line the current calculated using the full volta ge
dependence of the decay rate Gg and the Hamiltonian.

We calculate only the dominant term, which comes from the low est
order part of the kPexpansion, k@ = k, as the next lowest order contri-
bution (from R(l)) vanishes and we neglect higher order contributions.
In this basis, the density matrix is diagonal, and so we do not need
to eliminate the coherences as we did for the DJQP. We can ignae
the contributions from the intra-doublet rates, since thes e are in ther-
mal equilibrium, and do not give any contribution to the aver age dc
current. This means that, in terms of the inter-doublet rate s, we have,

hli = 2e p (G§ﬁ+ Graat (Gy+ GIron |
+(p+ 1) (G + & Yraat (Gpt+ Gadron o (290)

which can be more compactly written by transforming the deca ys to
the charge basis,

hli = 2e r &+ 1, (PG +(p+ H&). (2.91)

Within the regime where the RWA is valid, this matches the res ults
obtained previously[ 70, 145, 164] using a rate equation approach and
Fermi's golden rule.

The current near the p = 0 and p = 1 resonances is shown in Fig.
210, for the typical parameter values[ 166, 63,65 Ec = 4E; = 100neV,
T = 30mK, a resistance for the embedding circuit R = 50W, and we
have setng = 0.1. The full lines in Fig. [2:10 show the current calcu-
lated with the decay rates, J, and DE, given by their on-resonance
values. As the p = 0 resonance is very broad (in comparison to the
p = 1 resonance), we have also calculated the current including the
full voltage dependence of the relevant decay rate and the Ha milto-
nian (dashed curve in Fig. [2.10(a)).

The two resonances show rather different characteristics. The cur-
rent around the p = 0 resonance is broad and highly asymmetric.
This is because, in this case, purely dissipative processesan generate
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a dc current for V > V,es (incoherent Cooper-pair tunnelling[ 12]), as
can be seen from the energy level diagram in Fig. [229(b). The current
for the p = 1 resonance is much closer to the standard Lorentzian
form of a resonance, the small amount of asymmetry still pres ent
arises from the intra-doublet transitions. For V < Ves, relaxation be-
tween the levels of the doublets (controlled by g.y15) hinders current
ow, whilst for V > Vg it helps it. This leads to a small asymme-
try in the current as a function of voltage which is only remov ed
when the temperature is suf ciently high such that g.,' Jps and a
Lorentzian shape is recovered.

Extending our calculation to include the regime where the RW A
is no longer valid, we nd that the current peaks at the resonan ces
become suppressed. This is because, outside of the RWA, the gstem
is unable to build up the coherence between charge states ne@ssary
for current to ow. This is consistent with Ref. [ 166], where this effect
was studied in detail.

26 summary

In this chapter, we have described the main transport mechan isms
which lead to dc current, in both the normal and superconduct ing
SET. For the normal SET, we saw that it was enough to use a clasgal
master equation description to give access to the full dynam ics. For
the SSET, we needed to develop a full quantum description, in clud-
ing both the coherent Hamiltonian evolution, as well as envi ronment
induced dissipation. The dominant environment is differen t for the
different current carrying processes, for the JQP and DJQP quasipar-
ticles are present and generate dissipation and decoherena, for the
CPRs dissipation is induced by uctuations in applied volta ge source
due to impedances in the circuit.

In the following chapters, we will show how the master equati ons
we have just described can be used to investigate the uctuations
in both the charge on the SSET island and the current through the
transistor.
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CHARGE NOISE

s we have seen in the previous chapter , quantities such as the
A average current through the SSET, or the average charge on tre
island, do not give any insights into the quantum mechanics o f the
transport. Effective classical tunnelling models are enou gh to give
results, and the Cooper-pair transport can be modelled as a classical
stochastic process. In this chapter and the next, we will consider the
guantum noise spectfdl, |3] of the SSET, and show how information
contained in the noise can give more information about the un der-
lying quantum mechanics of the transport. This chapter focu ses on
the noise in the charge on the SSET island, in the following chapter
we will look at the noise in the current travelling through th e SSET.
We will show how these quantities can give de nite signatures of the
guantum mechanical nature of the dynamics. We will also desc ribe
the quantum mechanical nature of the processes used to obsewe such
guantities.

In Sec.[3 we outline exactly what we mean by quantum noise
and describe how quantum noise differs from classical noise . Then in
Sec[3:2 we show one way of experimentally accessing the quantum
noise, by coupling the system of interest to a harmonic oscil lator. We
return to the SSET in Sec.33, and discuss possible systems which
can be used to measure both the island charge and current noise.
The remainder of the chapter focuses on charge noise. In Sec[33,
we begin by giving an outline of the technique which we use for
calculating the charge noise. This is followed in Secs.[35 and by
reviews of previous calculations of the charge for the SSET close to
the JQP and DJQP resonances. Finally, in Seg37, we give a new
calculation of the noise close to the Cooper-pair resonances, discuss
how this differs from the other resonances, and analyse the back-
action when an oscillator is coupled to the SSET.

3.1 quantum noise

A fundamental part of the study of noisy classical processes involves
the calculation of two-time correlation functions of some o bservable
F, hF(t)F(0)i [3]. These quantities allow us access to information
about the nature of the uctuations which are not available f rom just
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the steady state mean dynamics hFi. An equivalent way of looking
at these two-time correlation functions is through their Fo urier trans-
form, the noise spectral densitgle ned as,
Zy
Sgas(w) = ) e"'hdF(t) dF(0)i dt, (3.2)

where the average is taken over the stationary state probability distri-
bution, and dF = F h Fi quanti es uctuations away from the mean.
For a classicalquantity F, hdF(t)dF(0)i = hdF(0)dF(t)i: the order
we do the measurements in doesn't matter, furthermore hdF(t)dF(0)i
must be a real quantity [[7Z]. This then allows us to write the spectral
density as,
VA ¥
SEas(w) = | 2coswthdr(t)dR(0)i dt, 3.2)

which is symmetricin frequency, SEa5(w) = SZas( w) [2].

Similarly, the study of quantum noisas concerned with the two time
correlation functions of quantum mechanical operatorshF(t) F(0)i. It
is again convenient to work with the quantum noise spectral densjty
which is de ned in an analogous way to the classical quantity[ (71, 3],

VA ¥
Sew)= e""'hdF(t)dF(0)i dt, (3.3)

where the average is now taken over the stationary density ma trix,
and we have de ned the operator, dF = F h Fi. Since F(t) and
F(0) do not necessarily commute, we have, hE(t) F(0)i & hF(0) F(t)i.
In fact, the situation is complicated even further: the prod uct of
two Hermitian operators is, in general, no longer Hermitian , and
so hF(t)F(0)i can be complex, and therefore is unobservablig]. The
spectral density, however, is real. As long as the average is taken
in the stationary state, we may write, for some Hermitian Ham ilto-
nian, H, which describes the full unitary evolution of the system an d
environment,

hE(t)F(0)i = Tr[eM'Fe MFr] = Tr[Fe MFer] = hF(0)F(t)i .
(3.9

Here we have used the cyclic property of the trace [[71],
Tr[ABC] = Tr[CAB] = Tr[BCA], (3.5)

and the fact that, in the steady state, [r,H] = 0, along with the as-
sumption that our observable F = F' is Hermitian. This allows us to
write the noise spectrum as,
Zy
Se(w) = 2Re . e"'hdF(t)dF(0)i dt, (3.6)
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which is real and so, in principle, can be observed, but the qu antum
noise spectrum is not symmetric in frequency. Measurement of an
asymmetric noise spectrum is a signature of quantum dynamic s |3].
As a simple example of the difference between quantum and cla s-
sical noise, consider the position noise spectrum of a harmonic oscil-
lator in thermal equilibrium with an external bath[ 3],
Ly
S(w) = 2Re ; e"'hdx(t)dx(0)i dit. (3.7)

The two time correlation function can be calculated as,

h(t)R(0)i = hR(0)R(0)i coswot + hp(0)R(0)i S";VW‘“, 3.9)
0

where wy is the frequency of the oscillator and p is the operator for
the oscillator's momentum. We use units with "h = M = 1, with
M the mass of the oscillator. We have changed to using X instead
of dX, since in thermal equilibrium, hXi = 0. In the classical limit,
hpxi = 0, since the position and velocity of a thermal oscillator ar e
uncorrelated. In the quantum case, since X and p do not commute,
we nd[ 3], hp(0)X(0)i = /2. Using this, and the fact that the
stationary state of a harmonic oscillator in thermal equili brium at
temperature T, is given by the Bose distribution, ng(wg), we nd that
the two-time correlation function is,
oooq h . -
hx(t)x(0)i = 2w ne(wo)e" + (ng(wo) + 1)e "o | 3.9

which gives the noise spectrum,
Suw) = - [Na(Wa)dw + wo) + (na(wo) + (w  wo)]. (310)

This expression is asymmetric at low temperatures, T wg, and
becomes symmetric in the high temperature limit, where ng(wo)
ng(wp) + 1. Thus, as expected, it is only necessary to use a quantum
mechanical description when T wg for a harmonic oscillator [ i3].
Even though the quantum noise spectrum is real, and so there is no
formal reason why it should not be observable, it is not immed iately
obvious how to measure it. It is necessary to nd a detector whi ch
can distinguish between the noise power at positive and nega tive fre-
guencies. In the following section, we will show how this is p ossible
using an auxiliary quantum system coupled to the device of in terest.

3.2 linear response

In the previous section, we outlined a de nition of the quantu m noise
spectrum. We showed that the spectrum is real, and so now the o bvi-
ous question to ask is, how do we go about measuring such a quan-
tity? To do this we must couple the system to an external devic e
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Figure 3.1.: Schematic representation of the system-oscillator coupling
Hamiltonian, Eqn. ([3-11).

known as a quantum spectrum analys¢g]; a guantum mechanical sys-
tem which can distinguish between noise at positive and nega tive fre-
guencies. Examples of such systems which have been used in reent
experiments include quantum two level systems| [73,(74, 3], Josephson
junctions [\75, ] and quantum harmonic oscillators [ |76, 110, &, |3].

In this section, we will give an overview of a calculation sho wing
how a quantum harmonic oscillator can be used as a quantum spec-
trum analyser, closely following the approach outlined in R ef. [3].
The harmonic oscillator will be the most relevant example wh en we
return to consider the SSET in the remainder of the chapter, since
the noise has been measured in this way in a number of experi-
ments [10, |€]. The calculation for a two-level system follows along
similar lines [I3].

We examine the behaviour of a harmonic oscillator weakly cou pled
to an operator in our system, the set-up is shown schematically in
Fig. 372, To calculate the dynamics we use the ideas oflinear response
theory[77, 3. We consider the case of linear coupling between the
system operator F and the position of the oscillator, which gives the
coupling Hamiltonian the form,

Hint = AFX, (3.11)

where X = a+ &' is the dimensionless position operator for the oscil-
lator and A is the coupling strength. In the weak coupling limit we
may use perturbation theory to obtain expressions for the tr ansition
rates between eigenstates of the harmonic oscillator, induced by the
interaction with the system, by using Fermi's golden rule. T hese are
given by [13],

Gu n+1= A%(n+ 1)Se( wo) = (n+ 1)G, (3.12)
Gy n 1= A?nSe(wo) = NG, (313

where G; j is the transition rate between the Fock states, jii and jji,
of the oscillator, wyg is the frequency of the oscillator, and Sg(w) is the
guantum noise spectrum of the system. We have de ned the rates,
G = A2Se( wg) and Gy = A?Sg(wp), for compactness.

We see from these expressions that uctuations in the system op-
erator F at the frequency of the oscillator cause transitions between
eigenstates. We also see that the rates to go up an energy levkand to
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drop down an energy level are proportional to the noise at neg ative
and positive frequencies respectively, and so we begin to see how the
dynamics of the oscillator can measure the quantum noise.

To proceed, we use these rates to construct a simple master ega-
tion for the probability that the oscillator is in state jni,

P(n)= nGP(n 1)+(n+ 1)GP(n+ 1)
(nG:+(n+ 1)G)P(n), (3.14

which then has the stationary state distribution,

Nnwo Wo

Pa(n) = exp Tea(wo) 1 exp Tea(wo)

(3.15
We can map this onto the distribution which would be measured
in an oscillator in thermal equilibrium, as long as we identi fy the
(frequency dependent) effective temperature due to the back-actiorof
the system on the oscillator as,

w

Se(w)
Se( w)

Tea(w) = (3.16)

In

This can equally be written as an effective Bose occupation nhumber
for the oscillator,

1 o Sew) (3.17)
< . .
exp —TB,ZV(W) 1 F( W)

nga(w) =

The back-action arises because of the coupling between the gstem
and the oscillator. This means that the dynamics of the system have
an effect on the oscillator, in principle we also expect the d ynamics of
the oscillator to effect the system, but as we only consider the lowest
order contributions, this effect is ignored within the line ar response
formalism [[77, |3].

More information can be gained by looking at how the oscillato r
reaches this steady state. We can write an equation for the awrage
energy of the oscillator,

hEi = q wop n+ % P(n), (3.18
0

which is given by,

hEi = gBA(WO) Wgo hngat % h Ei (3.19

where the effective damping rate is given by the asymmetric p art of
the noise,

gsa(W) = A%(Se(w) Sr( w)). (320
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We note that the energy equation (319 has the expected stationary
solution for a harmonic oscillator with an average of nga quanta,
hEi = WQ(nBA+ 1/2)

If the oscillator is also in contact with another thermal bat h which
forms the rest of its environment (excluding the coupled sys tem),
then these results can be generalisedV8, 79, 80). If the external en-
vironment can be characterised by a thermal occupation numb er ngy;
and a damping rate gext, then the total effective damping and occu-
pation number of the oscillator are found to be,

Jeff = IBA T Jext, (3.2
OsaNBa t JextNext

Neg = . 3.22

of OBa T Jext S

We see from these that, if the back-action damping is positive and
the back-action temperature is smaller than the external tempera-
ture nga < nNex, then the system can be used to cool the oscilla-
tor to temperatures lower than its thermal environment[ 15, 57, [10).
The effective damping can also become negativeif the noise satis es
Se(w) < Sg( w), this can lead to instabilities in which the oscilla-
tor undergoes self-sustained oscillations [15, 46] (we will not consider
this behaviour in detail here).

The effective damping rate and temperature of the oscillato r are
linearly independent quantities, and thus, if both can be me asured,
the noise spectrum at wg can be constructed. Hence, a harmonic
oscillator can be used to measure the quantum noise spectrum at its
natural frequency[ 18, 1.

3.3 noise in the sset

We return now to think about the SSET. Recent experiments have
probed the dynamics of SSET-resonator systems in which the res-
onator is coupled to either the island charge[I10] or the current[[g]
of the SSET. The charge noise, withE = A, can be probed by cou-
pling a nanomechanical beam to the gate of the SSET, the posiion
of the beam then changes the gate capacitance, affecting thecharge
on the island. The coupling Hamiltonian is then as in Eqn. ( [3711),
with the system operator being the island charge. It is also p ossible
to probe the noise in the current through the SSET[€]. In this type
of experiment a harmonic oscillator, made from an LC circuit , is cou-
pled directly into the current travelling through one of the leads of
the SSET, this then creates a coupling Hamiltonian as in Eqn. (3-11),
but now the relevant operator is, F = I, the current through the SSET.
The charge noise is the simplest of these quantities to analyse. The
dynamics of fi is entirely contained within the evolution of the sim-
ple reduced density operator, r (when the counting variable, N, has
been traced out, see Seg2:3), and so it is a system operatorwith re-
spect to this simple master equation. This fact allows us to u se the
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guantum regression theorefdetailed in the following section) to calcu-
late the noise. The current noise is a more complex quantity, since
the current is not represented by a system operator, and more com-
plex technigues need to be developed, we will describe these fully in
chapter @,

3.4 calculating the charge noise - the quantum regres
sion theorem

We have seen in the previous chapter how the dynamics of open
guantum systems can be described by a master equation within the
Born-Markov approximations. In general, this allows us to wr ite the
evolution of the density operator as,

djsii
dt

= Ljsii, (323

where L is a superoperator which fully describes both the coherent
and incoherent dynamics of the system. In this section we wil | show
it is possible to calculate the charge noise spectra of the S&ET from
an equation of this form. To do this, we need to develop a techn ique
for calculating the two-time correlation functions. A conv enient basis
for the Hilbert space of the SSET, as seen in the previous chapter, is
fi n,NLig, where N_ counts the number of charges in the left-hand
reservoir, and n is the excess island charge.

Since the charge noise does not depend on the counting variable,
N, we can simply trace it out to obtain a nite equation of motion as
in the previous chapter. We de ne,

r = Try.[S] (3.24)
which then has the equation of motion in Liouville space,

dirii
dt

= Mj rii . (3.25)

We now go on to show how this equation of motion can be used to
calculate the charge noise spectrum,
Zy
Sn(w) = . e"thdri(t)dA(0)i dit. (3.26)

To be able to calculate the spectrum, it is simplest to start by calculat-
ing M(t)A(0)i, and simply subtract the average part, hi(0)i?, at the
end. To do this we use the quantum regression theord®l, 82], this
states that, for a Markovian master equation, a two-time corr elation
function has the same evolution equation as the mean value and so
can be written, for the system operator F [83,17]] as,

hE(t) F(0)i = Tr[FeM tFrl, (3.27)
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where t > 0. From this, we can write the correlation function of the
island charge in Liouville space,

M(t)A(0)i = higjneM tnjoii . (3.29)

where we use n to differentiate the Liouville space superoperator
from the Hilbert space operator, A. We have also introduced the row
vector, hi9j, which is the left eigenvector of M with eigenvalue 0. This
corresponds to the trace operation in Hilbert space, i.e. hi9j is a vector
which has 1 in elements which corresponding to diagonal elem ents
of the density matrix, and zero for coherences, this then ensures that
higjrii = 1 for all valid density matrices, jrii .

The time evolution operator is only de ned for t > 0, and so, to
nd the negative time part required in the de nition of the nois e
spectrum, we use the relation, MA(0)A(t)i = MA(t)A(0)i (discussed
in Sec.[371). We can calculate the exponential in the evolution by
introducing the set of left and right eigenvectors which dia gonalise
M , de ned by,

Mj |iii = |ij|iii, hhijM = hhij|i, (3.29)
this then lets us write the exponential,
eMt= 3 € tjliihhl ij, (3.30)
i
where we have assumed the set of eigenvectors,fj | jiig , form an or-
thonormal basis and we have neglected the possibility of deg eneracy.

These results together allow us to Fourier transform Eqn. [3.28 and
nd an expression for the charge noise,

hijnjl ;iihhl ;jnjOii

Sn(w) = 2_a Re W (3.3
i60
We do not include the i = 0 term in the sum which corresponds to
the eigenvector jOii . It is given by,
thjnjOIl.thjnjOII , (332)

W

and so this is the d(w) contribution of hAi? which is subtracted from
the de nition of the noise in Eqn. ( 3:3).

In the remainder of this chapter, we present a series of calculations
of this charge noise spectrum for the various resonances in the SSET
introduced in chapter 2 We begin by looking at the JQP and DJQP,
the charge noise at these resonances has been previously callated
using slightly different methods|[ 4,114,15%,115] and so we give a review
of the results and do not discuss in detail the effects of the n oise on
an oscillator. However, the results for the Cooper-pair res onances are
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new and so we give much more detail. We also give a full analysi s of
the behaviour of an oscillator in the linear response regime ; we give
explicit calculations of the damping and effective tempera ture of the
oscillator for two very different frequency regimes, those typical of
a nanomechanical resonator and also an LC oscillator. We chaose to
focus on the CPRs, since the transport at these resonances ifully co-
herent: it is entirely due to Cooper-pair oscillations, no g uasiparticles
are involved. This suggests that the CPRs might be a good candidate
for a very low noise process which could cool an oscillator to temper-
atures lower than those found by coupling to the JQP or DJQP [|15].

35 josephson quasiparticle resonance

We begin by calculating the charge noise spectrum for the SSET close
to the JQP resonance, the Born-Markov model for this system was
outlined in Sec. |23, To calculate the charge noise, we need the terms
which make up Eqgn. ([3:31); the full eigenspectrum of the evolution
matrix, along with the superoperator for the charge. To ndth en
superoperator we need to nd a representation of the Hilbert s pace
operator, A, in LiouviIIe space We know that A acts as,

0 1
0O 0 oo 20 0 x 20
Ar = %0 1 0§ i § %0 r . (333
0 0 2 lo2 0 0 x 22

We then wish to nd the superoperator which acts in the same way as
this, i.e. we need to nd the superoperator n, such that njrii gives the
same result as Eqn. §:39) in the basis jrii = (roo, 11,722, T 02,7 20)"
de ned in Sec. 23 The n superoperator is therefore given by the
diagonal Liouville space matrix,

n = diag[0,1,2,0,2. (3.39)

Diagonalising the 5 5 matrix, M , for the JQP (Eqgn. 241)) is ana-
lytically quite complicated, and so we turn to exact numeric al diago-
nalisation, except for a few limits where the analytic resul t is simple
enough to be informative.

3.5.1 Zero frequency spectrum

We begin by examining the noise at w = 0. This represents the aver-
age of the uctuations over time since it is given by
Z ¥
Sn(0) = . hdf(t)dA(0)i dt (3.39

and so gives information about the overall nature of the uct uations.
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Swee

Figure 3.2.: Zero frequency charge noise S,(0) as a function of E;/ Gfor var-
ious detunings, close to the JQP resonance. The solid, blacKine
is d = 0, the dashed, red line is d = Gand the dotted, blue line
isd= 2G

We show results for the dimensionless zero frequency charge noise,
GSn(0), in Fig. [3:2, where we show the variation as a function of Ey/ G
for various detunings d. We see in the two extreme limits, Ey/ G 1,
and Ej G 1, the noise vanishes. In theEy G 1 limit, this is
because the system is always stuck in then = 0 island state, with
very rapid incoherent transitions taking the system instan tly through
the statesn = 2 and n = 1, this means that the island charge does not

uctuate. In the opposite limit, Ej G 1, the system has two states
in which it spends a large amount of time: the rapid Cooper-pa ir
oscillations mean the system is in a statejni p jOi + j2i, an infrequent
guasiparticle decay can then take the system to the de nite is land
state n = 1. Both of these states have the same expectation value
of island charge Mi, and so uctuations between them do not cause
noise in n, hence the zero frequency noise again vanishes. Between
these limits, where E; G the noise shows a maximum at the point
where the island charge uctuates rapidly. Detuning the Coo per-pair
resonance by choosingd & 0 smears out the charge noise pro le, the
maximum noise is reduced. These results agree with those calculated
elsewhere [4, [15].

3.5.2 Finite frequency noise

We can also evaluate the noise at frequencies away from zero. We
show results in both the coherent (E; G and incoherent (G Ej)
transport limits in Figs. (&) and (b) respectively. We begin by dis-
cussing the coherent limit. In this case, the picture to have in mind of
the dynamics is that a large number of Josephson oscillations occur
between infrequent quasiparticle events. After the rst qua siparti-
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Figure 3.3.: Charge noise spectrum near the JQP. In (a) we show the coheent
limit where Ej;= 5G the parameters ared = 0 (solid, black line),
d = G(dashed, red line) and d = G (dotted, blue line). In (b)
we show the incoherent spectrum, E; = 0.1G the parameters
are d = 0 (solid, black line), d = 0.5G (dashed, red line) and
d= 0.5G(dotted, blue line).

cle tunnels off the island we have to wait a long time, stuck in the
island state n = 1, until another quasiparticle tunnels off and the
Cooper-pair oscillations can start again. The large amount of coher-
ent oscillations lead to correlations in the charge state of the island
at the oscillation frequency which give the large spectral p eaks seen
in Fig. (@). In the small detuning limit, d G the heights of the
peaks are given by,

4 2d
E)==- 1 — , 3.36
G E)=3 1 ¢ (3:30
we see that detuning from resonance introduces asymmetry to the
heights of the peaks as shown in the gure. When the detuning is
positive, d > 0, resonant oscillation requires the emission of energy
to the environment, and so the negative frequency peak is enhanced.

The converse is true for d < 0, enhancing the positive frequency peak.
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The asymmetry in S,(w) leads to a non-zero value for the damping

of an oscillator weakly coupled to the island charge, as we can see
from the results of Sec.[32 and, in particular, Eqn. ([3:20) [15]. When
the positive frequency peak is larger, the damping is positi ve and
the SSET cools the oscillator[L0]. When the negative peak is larger
the damping is negative and the SSET pumps energy into the oscil-
lator [146, 47]. The physics behind this process is very similar to that

used in sideband cooling of trapped ions in which the absorpt ion
spectra of the ions shows very similar asymmetries [184].

In the incoherent limit, there is a different picture of the d ynamics,
in this case a very slow Josephson oscillation is immediately inter-
rupted by two fast quasiparticle decays, which take the syst em back
to the initial island charge state n = 0. This means that we now do
not see side-peaks in the spectrum since there are no correldions at
the frequency of the Cooper-pair oscillations. We only see i ncoherent
correlations which occur around w = 0. Detuning the system still
introduces an asymmetry, as this moves the maximum in the noi se to
w d.

The evolution between these two regimes can be seen in Fig.33,
where we show the frequency dependent noise as a function of Ej/ G
for both the on resonance system, (a), and when the system is de-
tuned from resonance, (b). We see that the single incoherentpeak at
small Ey G splits into two resonant peaks as the Cooper-pair oscilla-
tion frequency is increased above G When the detuning is non-zero,
the symmetry of the spectrum disappears, and the negative fr equency
peak dominates the spectrum, as explained above. In the incoherent
limit, the negative frequency peak is the only one present, t he pos-
itive frequency peak only starts to appear at larger values o f Ey/ G
when the coherent oscillations have a signi cant effect.

3.6 double josephson quasiparticle resonance

We now go on to present results for the charge noise near the DJQP
resonance, using the model described in detail in Sec.2Z The charge
noise is calculated in exactly the same way as for the JQP, butnow
the time evolution is given by the 8 8 matrix from Eqn. ([254), and
the superoperator for the island charge is given by,

n = diag[0,2,0,2, 1,1, 1,1], (3.37)

where the basis for the density matrix in Liouville space is jrii =

(roosr22,r02:r20,F 1 1,711, 7 11,71 1)7, asin Sec24 Using these re-
sults, and the general expression, Eqn. B:31), we are able to nd the

charge noise spectrum. Again, analytic diagonalisation is complex,
except for a few speci c limits where the results are simple en ough

to be useful. So we mostly use numerical techniques to nd the e igen-
vectors of M .
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3.6.1 Zero frequency

We again start by examining the uctuations at w = 0. The results
for this quantity are shown in Fig. [375 for various values of detuning.
We can nd an analytic expression for the noise in this limit, a nd for
zero detuning, we nd,

|

G+ 4GE3

1+ ———
2GPE3 + 4E3

(0= 5 (339
In the limit E; G which is considered in Ref. [|14], we obtain con-
sistent results. At d. = dg = 0, the noise is a decreasing function of
Ey G which diverges at E;! 0, and has the limit GS,(0) ! 1/2 for
large Ey G

The behaviour is different to that found for the JQP in Fig. 32, the
noise does not vanish in the extreme limits of Ej G! 0,¥. In the
limit EyY G 1, the dynamics are well modelled by the incoherent

model presented in Sec.24:2, There is a slow Cooper-pair transition
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Figure 3.5.: Zero frequency charge noise S,(0) as a function of Ey Gfor vari-
ous detunings close to the DJQP resonance. The solid, blackihe
is d_ = 0, the dashed, red line is d,. = Gand the dotted, blue line
isd. = 2G All results are at dz = 0.

fromstate n = 0ton= 2, atarateg = E%/ G followed by an instant

guasiparticle decay to state n = 1. There is then another slow Cooper-
pair transition to the state n = 1, and another instant quasiparticle
decay back ton = 0. This means that the system uctuates between
the island statesn = 0 and n = 1, at a switching rate given by g,
which goes to zero in this limit, giving rise to a divergence i n the
noise. In the coherent limit Eyy G 1, the Cooper-pair oscillations
build up coherence, as for the JQP, and so the system spends it time
in either the state jni p jOi + j2i or jni u j 1i + jli which have
different values of i, and so again uctuations between these states
cause the noise to be nite. Detuning from resonance decreases the
noise for all values of Ej/ G the suppression is maximised when the
timescales for the incoherent and coherent processes match(around

the dip in Fig. [35).
3.6.2 Finite frequency

We now go on to consider the nite frequency noise. We rstlook a t
the spectrum in the coherent transport limit, where E; G, shown
in Fig. [3.6 (a). The structure consists of three peaks, one centred at
w = 0 and the others atw = E; The height of the central peak is
approximately 1/2, with only a weak dependence on detuning, the
heights of the side-peaks are given by,

d + dr

e (3.39)

GS( En=41
where we have assumed small detuning d, dr G The side-peaks

arise in a very similar way to those at the JQP, the island charge is
highly correlated on the timescale of the Cooper-pair oscil lation. De-
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Figure 3.6.: Charge noise spectrum near the DJQP. In (a) we show the cohe-
ent limit where Ej; = 5G the parameters ared, + dgr = 0 (solid,
black line), d_ + dr = G(dashed, red line) and d_.+ dg = G
(dotted, blue line). In (b) we show the incoherent spectrum,
E; = 0.1G the parameters ared, + dr = 0 (solid, black line),
d_+ dr = 0.5G(dashed, red line) and d_+ dr = 0.5G (dotted,
blue line).

tuning the system from resonance again changes the relative heights
of the sidepeaks, if d. + dr > 0 the negative frequency peak is en-
hanced, whereas the converse happens ifd,. + dg < 0. As with the

JQP resonance, we can think of this in terms of the SSET's preérence
to absorb or emit energy to undergo resonant oscillations. | f the reso-
nances are detuned such that the Cooper-pairs need to absorbenergy
to move between the island and the lead, then the negative fre quency
part of the spectrum is increased; the opposite occurs if the detuning

is such that the Cooper-pairs need to emit energy. The only di ffer-
ence between this and the results for the JQP is that it is now the
sign of d_+ dg, which determines the relative heights, since it is the

average preference for absorbing/emitting energy of both j unctions
which matters.
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Figure 3.7.: Charge noise spectrum as a function of frequency and voltage
around the (&) p= 0 and (b) p= 1 Cooper-pair resonances. The
resonances occur at the point where the central peak disappears.

In the incoherent limit the spectrum is very different, the s idepeaks
are suppressed because of the lack of coherence, and we are jst left
with a large central peak (the zero frequency noise is much larger at
low values of Ej G. Detuning from resonance still introduces asym-
metry to the spectrum, but this much less pronounced than in t he
coherent case, due to the lack of sidepeaks.

3.7 cooper-pair resonances

We now turn to consider the charge noise properties of the SSET close
to the Cooper-pair resonances. Near the Cooper-pair resonances the
island charge operator is more complicated than for the JQP and
DJQP. The full representation of the operator A° can be written as
a series expansion in terms of powers of the Josephson coupling J(as
we did for K9, A®= A + A + ... as described in appendix[B. In
the small J eV limit for which our model is valid (see Sec. the
dominant contribution to the spectrum comes from the zeroth order
terms in the expansion, A(® = A, and so we consider these terms
rst. The higher order terms in  A%give rise to weaker features in the
spectrum, which we go on to calculate in Sec. 372
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For the Cooper-pair resonances it is possible to nd an exact ex-
pression for the charge noise since the eigenbasis evolution matrix
(the g = 0 case of Eqn. [£.89) is straightforward to exactly diago-
nalise and we are able to nd the full set of left and right eigen vectors
normailsed such that hh jl ii = 1,

0 1
G,
i = LE@G‘B‘E, higj = (1,1,0,0, (3.40)
Gop @0
0
0 1
1
. . 1B 1 2
[o] == ’ hh [o) = y ,0,0, 341
i (Goopi 2%02 Goopl Gpop(Ga G, 0,0, (34))
0
0
0
] iwap  Geonl =%2§ hh iwap  Gonj =(0,0,1,9, (342
0
01
0
jiWap Goonii = BOR . hhiwa, Goni =(0,0,0,9, (343
1

where Gyop = G+ G,.

We also need the superoperator representation of the charge oper-
ator. This can be found by noting that the charge operator in H ilbert
space is given by,

! !
Ar = Naa Nap laa lab , (3.44)
Nbha Nobb  Fba Ibb

where we note that in the eigenstate basis the charge operata is not
diagonal as it was for the JQP and DJQP. We can then construct he
Liouville space representation

0 1
naa 0 O nab
n=f 0 Mo Ma O¢ (3.45)
O nNap Naa O

Npa 0 0 Npp
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where we use the basisjrii = (raabwlanba) s @S in Sec25 This
superoperator is then used to construct the charge noise spectrum

using Eqn. (3:3%),

Goop
Sn(W) = 2l pp(Naa Nop) > —5s—
W2+ Ghop |
I opyGoh I aa&oh
+2n2 bb==0 + aa %o (3.46)
P (w w2+ G (W wp2+ G,

Examples of the spectrum as a function of frequency and volta ge
around the p= O and p = 1 resonances are shown in Figj3.:7} In both
cases the spectrum consists of three Lorentzians and has a snilar gen-
eral form to that seen at the JQP and DJQP resonances. This tplet
structure is exactly what is expected for a coherent TLS in the pres-
ence of dissipation[69, I80] and is very similar to the Mollow triplet
observed in the resonance uorescence cascade§9). The central peak
around zero frequency arises due to incoherent uctuations between
eigenstates, its height is determined by jnaa npy, the difference in
average charge between thejai and jbi eigenstates. This peak disap-
pears when the system is tuned to resonance since the eigensates are
equal mixtures of charge states.

The sidepeaks arise atw = Wy, due to coherent oscillations be-
tween the eigenstates. The heights of the sidepeaks are contolled
by the steady state populations of the eigenstates, which is what pro-
vides the asymmetry between the negative and positive frequ ency
peaks, and the width is given by the rate at which the coherenc es
decay, G, (see Egn. [2.89)). Note that the spacing of the sidepeaks
is much larger for p = 0, the splitting is typically of order J,.=¢
25GHz, compared to J=1  1GHz for the p = 1 resonance. This
means that nite temperature effects are not as importantint hep= 0
resonance. When the systems is tuned directly to resonance he spec-
trum is not perfectly symmetric, as it was for the other reson ances,
this effect is purely because of the presence of the incoherent intra-
doublet transitions which mean that the populations of the e igen-
states are not equal on resonance.

3.7.1 Coupling to an oscillator

We now calculate the effective temperature and damping expe rienced
by an oscillator coupled to the SSET tuned near to the CPRs. Wewiill

explore the back-action effect of the SSET on resonators in wo differ-
ent regimes of frequency, W= 100 MHz and W = 4 GHz, correspond-
ing to different physical realisations of the resonator. Th e 100 MHz
frequency is typical of a nanomechanical resonator [|25], whilst the

4 GHz frequency matches that of superconducting striplines [85] or
LC resonators[€]. We focus on the p = 1 resonance from now on
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Figure 3.8.: Charge noise, S,, as a function of DE for (a) W= 100MHz and
(b) W = 4 GHz oscillator. Solid (blue) lines are S,(W), dashed
(red) lines are S,( W). The inset in (a) shows the region around
the minimum where the difference between the two curves is
most pronounced.

since the sidepeaks of the p = 0 resonance are too wide to have any
signi cant effect, even for a high frequency LC oscillator.

Figure shows the charge noise as a function of the detuning
from resonance for W= 100 MHz and W= 4GHz. At 100 MHz
the spectrum is very symmetric, Syn(W)  S,( W) because the side-
peaks have very little weight at this frequency. In this case maximum
asymmetry is achieved at the centre of the resonance OE = 0), when
the spacing of the outer peaks is minimized. In contrast, at 4 GHz, the
spectrum is highly asymmetric as here the sidepeaks cross through
this frequency.

The curves for S,( W) are not simply re ections of each other,
as would be expected for a classically driven TLS[80], or other res-
onances in the SSET such as the JOQP and DJQR%, 57]. This asym-
metry occurs for the same reason that the current peak is not a sim-
ple Lorentzian; the intra-doublet decay rates are not symme tric be-
tween DE. Similar effects are seen in a driven TLS [86], when the
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Figure 3.9.: Back-action damping, gga, [(@)-(b)] and effective occupation
number, nga, [(c)-(d)] of an oscillator weakly coupled to the
SSET. (a) and (c) are forW = 100MHz, (b) and (d) for W =
4 GHz.

temperature dependence of the relaxation rate is taken into account.
The behaviour of the driven TLS, where S,(W,DE) = S,( W, DE),
is recovered in the high temperature limit where the intra-d oublet
transition is saturated, gap = Jpa We can understand how the intra-
doublet decays lead to this asymmetric behaviour in terms of effective
temperatures. The intra-doublet decays drive the eigenstate popula-
tions towards an equilibrium distribution which correspon ds to the
temperature of the bath, this is constant and always positiv e. How-
ever, the inter-doublet rates drive the SSET to an equilibri um point
whose effective temperature varies strongly with DE and, in particu-
lar, changes sign when DE = 0. The competition between these two
behaviours causes the asymmetry in this system [15, 57].

In Fig. [3:9 we plot the back-action damping, gga, calculated using
Eqgn. (320 from the charge noise for W= 100 MHz and W = 4 GHz.
The size of the damping depends on the asymmetry of the noise
spectrum. The small asymmetry in the low frequency noise spe c-
trum gives the damping a very small magnitude, but for the hig h
frequency resonator it is much larger. The lack of symmetry i n the
noise spectrum, S,(W,DE) 6 S,( W, DE), leads to quite different
magnitudes for the damping at  DE, with the anti-damping peak
suppressed by the intra-doublet decays for both the high and low
frequency cases.

When a resonator is coupled to the SSET its steady state is deér-
mined by a combination of the back-action of the SSET and the in u-
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ence of the rest of the resonator's surroundings which are in thermal

equilibrium at a temperature Tey, and give rise to a damping rate gex.
The overall occupation number of the resonator, neg, is given by Eqgn.
(322). At a given external temperature, the SSET can be used to cod
the resonator provided provided nga < Next, Where ney; is the occu-
pation number which corresponds to Tey. Such cooling is important

when attempting to reach the vibrational ground state of nan ome-
chanical resonators with frequencies in the MHz range, as even at
temperatures below 100 mK they will still contain a large num ber of
thermal quanta |10, .78, 79, 180).

Figures 3:9(c) and [3:9(d) show the behaviour of nga (plotted as
1/ nga to emphasize the behaviour near minimas) around the reso-
nance at 100 MHz and 4 GHz. For W = 100 MHz, the minimum in
nga occurs when the system is tuned directly to resonance, where
the central peak in the noise spectrum vanishes. For the typical de-
vice parameters we have chosen (given in Sec[2.5:3), we nd a mini-
mum of nga 37, which corresponds through the expression nga =
(exp(AW/ kgTga) 1) ! to an effective temperature Tga 29 mK,
only slightly lower than the bath temperature, T = 30mK. This re-
sult is, however, dependent on T through the intra-doublet rates and
the relative cooling potential does improve at higher bath t empera-
tures, for example Tga 37mK for T = 50mK and Tga 50 mK for
T = 80mK.

The cooling potential of the CPRs is less than was found for th e
JQP or DJQP resonancesls], where it was found that, in principle,
these resonances are capable of cooling a MHz oscillator from around
500mK to as low as 50mK. The main problem with using the SSET
tuned to a Cooper-pair resonance to cool a mechanical resondor is
the spacing of the peaks in the noise spectrum. For effective cooling,
we need the frequency of the resonator to match the separation of the
peaks. This cannot be achieved at low frequencies in this device since
the minimum intra-doublet spacing (and hence minimum peak s plit-
ting) 2J,/ his in the GHz range. Trying to engineer a device where
this splitting was much smaller would lead to a deterioratio nin the ef-
fectiveness of the cooling because of the effect of thermal rnoise on the
SSET itself: the asymmetry in the peaks would be reduced and they
would also be broadened (this would take the system outside b oth
the regime where the RWA is valid and also the resolved sideba nd
limit where optimal cooling can be achieved|[ [78,(79]). In contrast, for
a driven TLS[180], the potential for cooling is much greater as it is pos-
sible to tune the drive (which corresponds to the Josephson coupling
in our system) and it is the differencebetween this frequency and the
level separation of the TLS (both of which can be much greater than
ksT/ h) that sets the spacing of the sidepeaks in the corresponding
noise spectrum.
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Figure 3.10.: S, 3y (w) in the vicinity of the p = 1 resonance (a) and (b) show
the spectrum at frequencies around hw =  2eV respectively.
A schematic illustration of the processes giving rise to the spec-
tral features is shown in (c). This illustrates the inter-do ublet
transitions and the corresponding frequencies of the featu res
they give rise to.

3.7.2 Higher order spectral features

The full charge noise spectrum close to the CPRs also contairs con-
tributions at other frequencies far from w = 0. These arise from the
higher order contributions in the perturbative expansion o f A% In
this section we investigate the most signi cant of these high order
terms, which arises from the hA(D(t)AM(0)i term in the expansion.
The form of n(Y is calculated in appendix B]

N .
A= & Y
n ak_ zpeVJO,klhl,k+ ¥ 2

+ mjo,kihl,k Y2+ hec., (347
for p 1, in the casep = 0 the rst term is not present. When this
is transformed to the eigenstate basis it contains terms proportional
to ji,kihj,k+ g, with q= p, (p+ 1),forp=O0onlytermsg= 1
are present. As an example we calculate the corresponding spectrum,
Z ¥
Smw) = MU0 dt (348)

for the p = 1 resonance (note that in the steady statem(?i = 0 and
so we do not need to work with the operator di(Y)). To do this we
use a slightly different technique. The states linked by A are not
present in our de nition of r and so we need to use a different set of
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reduced master equations. For the p = 1 resonance these correspond
to Eqn. (2.84) with the values of g= 1, 2, which include the correct
coherences. We can then construct the relevant two-time correlation
using the regression theorem.

We nd that the spectrum consists of triplets of peaks centred on
the frequencieshw = 2geV, with the sidepeaks separated by the intra-
doublet level spacing in each case. The triplets with g = 1 and
g = 2 simply differ by a constant prefactor and a slight modi ca-
tion to the decay rates, and so we concentrate here on justtheq= 1
case. The spectrum around hw =  2eV is shown in Figs. [3:10(a)
and [3I0(b). The peaks in this part of the spectrum arise from rst
order Josephson coupling between states at the relevant frequency
differences. We show the relevant transitions and their fre quencies in
Fig.3:10(c). Since this spectrum occurs at higher order in the pertur -
bation theory the magnitude of S, iS much smaller than it was
for the zeroth order spectrum (Fig. [377). The central peak in both
Figs. 3:10(a) and 3:10(b) is the same, because the transitions which
give rise to these peaks always link corresponding states within the
two doublets (i.e. an a state with an a state or a b state with a b) for
both the positive and negative frequency processes as shownin Fig.
[3-10(c). However, the sidepeaks of the two triplets are quite dif fer-
ent. The weights of the sidepeaks are proportional to jngjzrii, where
ny = &yh,k+ gn®jj,ki, and i(j) is the initial (nal) state for the
relevant transition. This means that each of the four sidepe aks has a
different combination of matrix element and population.

Far from the resonance, only one of the three peaks is presentin
each triplet. In this region the eigenstates are very close to the charge
states, and since the Josephson effect only couples the stas jO, ki
and j1,k+ ¥ 2i, we nd that each state is only coupled to one other.
Very close to the resonance all of the peaks appear, the eigerstates are
mixtures of charge states, and so transitions between all of the states
in the doublets can occur.

The features seen in this part of the spectrum arise because he
system is not as simple as a true TLS, they arise from couplings be-
tween different doublets and hence require more than two ene rgy
levels. The frequencies at which the features in this part of the spec-
trum occur, 100 GHz, are much larger than the range that can be
probed with a stripline resonator. However, it might be poss ible to
observe the noise at this frequency in a different kind of exp eriment,
in which the SSET is instead coupled to another mesoscopic canduc-
tor, such as a SIS junction, which is sensitive to uctuation s at such
high frequencies[65, 87].
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3.8 summary

In this chapter we have described an ef cient technique for ca Iculat-
ing the charge noise spectrum in systems described by a Born-Markov
master equation. We have presented results for the three transport cy-
cles in the SSET which we introduced in chapter [2. The charge noise
gives much more information about the dynamics than can be ob -
tained from mean quantities. All of the resonances show the same
basic behaviour. In the coherent limit, there are three peaks, one at
w = 0 which is due to incoherent uctuations, andtwoat w = J
where here Jis the relevant oscillation frequency. The relative height s
of the side-peaks are controlled by which way the system is de tuned
from resonance. The ability to change the symmetry of the spectrum
by changing the operating point allows the SSET to both extra ct en-
ergy from or pump energy into a harmonic oscillator weakly co upled
to the gate of the SSET. We examined this behaviour in detail for
two different experimentally interesting frequencies for the case of
the Cooper-pair resonances. It turned out that the frequency scale
set by the Josephson coupling means that the cooling potential of the
CPRs is not as good as it is for the JQP or DJQP. We also found tha
for the Cooper-pair resonances there are further sets of peaks in the
spectrum at higher frequencies, which arise because of the terms at
higher order in the expansion of A°
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CURRENT NOISE

uch recent attention has focused on the way in which the
M counting statistics of transferred charge through a conduc tor
can give insights into its dynamics [ |2]. Transport of electrons through
even a classical tunnel junction is stochastidn nature, this leads to the
idea that examining the distribution of these tunnel events can give a
detailed understanding of the dynamics of the transport[ (1,2, 5]. Pre-
vious work using Born-Markov master equations has concentra ted
on systems in which the transport can be described by a classical
stochastic process|B§, 89,58, 190] in which the variable, N, that counts
the number of charges passing through a particular point in t he cir-
cuit is a de nite quantity. In the few results where this is not the case,
the calculated quantity has always been the symmetrisechoise [4, 55].

In this chapter we develop a method for calculating the unsym -
metrised noise in the current through the SSET, which is closely re-
lated to the second moment of the classical distribution, an d show
how this can be used to predict the back-action on an oscillator (as
discussed in Sec/3:2). This requires a more sophisticated technique
than those already available; the current through the SSET unavoid-
ably involves quantum coherence, the counting variable can be in
a superposition involving a Cooper-pair on both the left and right
sides of the junction. We show how it is possible to develop a s imple
expression for the current noise in systems which involve qu antum
coherent oscillations and apply this to the different trans port mech-
anisms in the SSET, paying particular attention to the noise at DJQP
which has been measured recently in the experiment of Ref. [€].

The outline of this chapter is as follows. Firstly, in Sec. g1, we
explain the differences between quantum and classical current noise
and discuss why unsymmetrised noise is dif cult to calculate in the
presence of quantum coherence. In Sec#.2 we outline our new tech-
nique for calculating the unsymmetrised current noise. We t hen use
this technique to calculate the noise close to the DJQP resomance in
Sec@3, these results are compared to those obtained in a recent ex-
periment, Ref. [€]. In Secs @4 and @5 we give results for the current
noise close to the JQP and CPRs respectively.
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4.1 classical and quantum current noise

In a classical device the charge transferred, and thereforethe current,
is fully described by its probability distribution. For exa mple, con-
sider counting the particles tunnelling through one juncti on of the
normal state SEﬂ The particles involved in the transport have either
passed through the junction or not, and so one can write down a full
classicabprobability distribution, P(N,t), which contains all of the in-
formation about the statistics of N [Z2]. It is usual to write this quantity
in terms of a moment generating function[ 2],

P(c,t) = & €°NP(N,1), (4.2)
N
where all of the information about transferred charge is now encoded
in the counting eld c. This then allows easy calculation of all the
moments of the distribution[ 2],

m 1l
hN™i = ———P(c,t . 4.2
flic)m (c.t) C:O (4.2)
The current and higher order moments can then be calculated as, for
example, hli = hNi. This type of expression can even be used to

calculate the noise when the internal dynamics are quantum mechan-
ical [88, 189, [58, 190], in this case it is possible to de ne a probability
distribution by tracing out the internal degrees of freedom |,

P(N,t) = Trine[r (N, 1)], 4.3)

following this, the standard classical techniques can be used.

It is also possible to generalise these techniques to calcuéte the
nite frequency noise[ 158, |90]. Previous studies have devoted much
attention to calculating either the zero-frequency|[ 191, 192, 193] or nite
frequency symmetrised94, 55, 4,192, 95] noise. The symmetrised noise
is of interest because it is this quantity which is measured by a de-
vice that is insensitive to differences between positive and negative
frequency uctuations[ (74, |3] such as a normal state SETIP6, |97] or
guantum point contact[ 198]. It is given by,

1%%
S (w) = 5 . e"th di(t),di(0) i dt, (4.9

where f A,Bg = AB+ BA is the anti-commutator. From the results of
Sec[31, we see that for systems which can be described by a classical
distribution (ignoring any effects of non-Markovian transp ort[199, |90,
100)) the current noise spectrum must be symmetric[ 88, [2]. However
this is not the case for systems involving Josephson junctions, such as
the SSET. In these systems, the counting variable can be in acoherent

We only consider the regime where the system is described by a Markovian master
equation.
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superposition Cooper-pairs can be in a quantum state in which they
are both on the left and right side of the junction.

Here we focus on calculating the quantum current noise (as de ned
in Sec.31). Recent experimental progress has made it possible to ob-
serve the asymmetricparts of the noise by coupling the current to a
guantum spectrometer, using the ideas of linear response outlined in
Sec3:2. This type of measurement has been performed in a variety
of systems where quantum effects are important, such as in supercon-
ducting tunnel junctions|[ 1101, [75], quantum point contacts[|102, (103,
a carbon nanotube quantum dot in the Kondo regime[ [104], as well
as in various transport processes in the SSETIE, 65, |8]. To this end,
here we concentrate on developing a simple and ef cient metho d for
calculating the asymmetric part of the noise which occurs wi thin the
Born-Markov approximations. Previous studies have calcula ted the
non-Markovian asymmetric noise [ 199, 190, 100}, however these effects
only become relevant at much higher frequencies than are typ ically
observed in experiments involving SSETS4. The technique which we
develop here is able to explicitly calculate the asymmetric noise in
systems with steady state coherence, induced in the SSET by he pres-
ence of the Josephson junctions, this was not considered in he previ-
ous non-Markovian calculations.

4.2 calculating the current noise

In this section we present a technique for calculating the no ise in uc-
tuations of the current for a device whose dynamics are described by
a generic Born-Markov master equation as in Eqn. (3:23). In Liouville

space this equation has the form,

dis(b)i

o = Lisii. (4.5)

To calculate the charge noise the procedure from here was simple:
the dynamics of the island charge are contained within the re duced
density operator, r (see Eqn. [8:24)), and the regression theorem then
gives the two-time correlation function which can be used to nd the
noise spectrum (see Seq33).

For the current noise we cannot simply trace out the dependen ce
on the counting variable, N, as we did for the charge noise. When
considering the current, it is the counting variable which ¢ ontains all
of the relevant information. This means we still have the pro blem
that L, which describes the evolution of the full density matrix, s,
is in nite and does not have a well de ned steady state. Motivate d

For the SSET the Markov approximation starts to break down at frequencies w >

Ec [55] which is much higher than, for example, the frequency of the oscillator used
to measure the noise in Ref. [§] or even the typical frequency of the Josephson oscil-
lations.
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by the classical techniques discussed in the previous sectbon, we in-
troduce the Fourier transformed density operator, which is similar to

Eqn. @),

rijg(c) = & h,NjeNsjj,N+q = § €°Nh,Njsjj,N+q, (46)
N N

where the second equality comes from the fact that ji, Ni is an eigen-
state of N. Here qis chosen appropriately for the coherences present
in the problem. The density matrix has elements which are lab elled
with i and j and qis simply used as a label which allows us to keep
track of the coherence in N. We have introduced c, a counting eld,
which includes all of the information about N. This is very similar
to the way in which counting elds are introduced for  classicalprob-
lems[2], but to include quantum coherence we make sure that c is the
conjugate eld to the operatorN. We note that our choice of the de ni-
tion of rj; 4(c) is, in some sense, arbitrary: we could equally have de-
ned, for example, rjq(c) = &y h,Nj secN jj, N + gi, and obtained
the same nal results, as long as we were consistent throughou t.

We can write an evolution equation for the Liouville space re pre-
sentation of this Fourier transformed density operator,

djr(c,t)ii
dt

The superoperator M can then be calculated from the full evolution
using the de nition of r,

= M (c)jr(c,t)ii . 4.7

rijq(c) =[M (c)r(c)lijqg= a €°Vh,NjLsjj,N+ qi . (4.8)
N

When ¢ = 0, the evolution superoperator, M (c), reduces to the evo-
lution for the internal charge dynamics of the island, which we used
in chapters2and 3,

Given r(c,t), one can obtain the (time dependent) average of any
operator and, in particular, of N,

fir(c,t)ii

hN(t)i  Tr[N(t)s] = higj fic :
c=0

4.9
where hidj is the vector equivalent to the trace operation in Hilbert
space, as introduced in Sec34. This then gives motivation for the def-
inition of r(c) in Egn. (4.6), we introduced the Fourier transformed
density operator to allow the simple calculation of quantit ies like the
one above.

This then gives a simple way of calculating the particle curr ent by
taking a time derivative hi(t)i dhN (t)i/ dt,
|

+ M Yc)eM @Ot jrii , (4.10
c=0

ﬂeM (c)t
fic

hi(t)i = hhoj M (c)
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where the choice of sign arises from the particular counting variable,
N, chosen. For example, if N = N_ counts the number of particles
in the left reservoir of the SSET, then adecrease N represents a pos-
itive current, whereas if N = Ng is the number of particles in the
right reservoir, then an increasein N is a positive current. In this ex-
pression, jroii , is the initial density matrix, and a prime indicates a
derivative with respect to ic. The rst term of ( @10 vanishes, since
hiojM (0) = 0. This relation follows from the conservation of proba-
bility, htojr(0,t)ii = 1, and the equation of motion for jr(0,t)ii , given

by Eqn. @&7),

dhigjr (0,1)ii
dt

which must be true for all jrii , and so we nd hiojM (0) = 0.

For the second term of Eqn. (@10), as we have already seen for
the charge degree of freedom, the process is stationary: jrii has a
well de ned steady state. This implies that lim ¢ ¥ eM Otrgii = jOii
for any initial vector jrgii . The resulting simple expression for the
stationary current is then,

= hI]M (0)jr (0,t)ii = O, 4.11)

hii = hhojM Y0)j0ii , (4.12)

which, as we will show later, gives the same result as the simp le
counting methods shown in chapter 2

We can now go on to consider the current-current correlation func-
tion,

Si(ty,t) h T(t)I(t)i h 1(ty)ihi(ty)i. (4.13)

The rst term can be written, using our de nition of the current  op-
erator, 1(t) = dN(t)/ dt, as follows,
Wt ()i = 71 o Q -
[(ty) 1(t2)i = ——=—Tr[N(t)N(t2)s(t = 0)]. (4.14)
ity Ttz

To nd the noise spectrum we need to calculate this quantity fo r both
t; > tp and t; < ty, but since the quantum regression theorem@[69]
(see the previous chapter) only gives forward time evolutio n we rst
de ne for t; > ty,

f(ts,t2) = hN(t1)N(to)i. (4.15)

We can then calculate thet; < t, part by using the relation hN (t2) N (ty)i =
f(t1,t2) , as we did for the charge noise. The correlation function is
then,

Si(te,t2) = T, M, [Q(tr  t2) f(ty, t2) + Q(t2  ty) f(ty,t2) ]
h i(ty)ihi(t2)i, (4.16)

3 We are able to use the regression theorem since we have included the counting
variable as a system operator in our Born-Markov descriptio n.
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with Q(t) the Heaviside step function. We can now use the regression
theorem to obtain the correlator f(ty,t2) for t; > to,

h i
f(tutz) = Tr Net(t WNetts(t=0) | (4.17)

where N is the superoperator representation of the counting operat or
N, constructed in the same way as the island charge superoperaor n
in the previous chapter (see, for example, Eqgn. (3:33)).

Finally, we express (@17) as a scalar product in Fourier space, by
converting the N superoperators to ¢ derivatives,

L (Y’ 1 -
f(ty,t2) = higj— &M ©) )~ M (o)t : 4.18
(t1,t2) I5ic © Tice jroii (4.18)
Performing the time and c derivatives (see appendix [C), we nd
that S;(t1,t2) only depends on the time difference, t = t; ty, in the
stationary limit, t,! ¥ and the correlation function reads,

Si(t) = d(t)RehtojM °foii + higjM %M t™M Goii
+ hioiM &M ™™ Y0ii  h 1i2, (419

where the ¢ = 0 argument is omitted for brevity.

This expression can then be Fourier transformed and simplie d by
introducing the set of orthonormal eigenvectors of M (0), as we did
for the charge noise, and we nd the compact expression,

htgiM G ;iihhl jM 9oii
iw+ |

S/(w) = RehigjM °f0ii 23 Re
i60

. (4.20)

Given the full ¢ dependent evolution matrix M (c) and its eigenba-
sis, we now have simple expressions for both the charge and current
noise.

At rst sight, Eqn. ( @20) looks rather similar to expressions ob-
tained by calculating probabilities for given numbers of ch arges, N,
to have passed into the leads, such as in Refs.105, 58, 60]. However,
there is a crucial difference: these calculations assume that there is no
coherence between states with different N. Our choice of basis for s
allows us to express the counting operator N as a simple derivative
with respect to ic, leading to the expression [@.20), which takes fully
into account coherence in N. Including such coherences is inherently
problematic for methods based on the counting statistics of charges in
the leads, as discussed in Refs.[55,1106]. The presence of steady state
coherence leads to issues when de ning a classical counting variable
att = 0, since it is not in a de nite state [ 55]; we have overcome this
by using the full evolution of the density operator which kee ps track
of the coherence in a consistent way.

In the following sections we go on to calculate these evoluti on ma-
trices and, from these, the noise spectrum for the different transport
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processes in the SSET, as introduced in chapte2 We also note that
this technique is able to shed light on the problems encountered in
calculating the current noise through a double quantum dot ¢ oupled
to a thermal bath, encountered in Ref. [[107]. In this system it was
found, using the previously available techniques, that the noise in
the current between the dots, where quantum coherence is vital for
the transport, violates charge conservation. Using our tec hnique, this
problem does not arise. These results are presented in apperdix

4.3 double josephson quasiparticle resonance

We begin by calculating the quantum current noise around the DJQP
resonance, described in detail in section[24, A recent experiment that
probed the asymmetry in the current noise[ 8] provides motivation
for us to study the full quantum problem, and go beyond the sem -
classical symmetric results which already exist in certain limits[|14,
55]. The previous calculations were only able to obtain the noi se in
the limits where the off-diagonal elements of the steady sta te density
matrix are suppressed, since, in this case, it is possible to use the
classical expressions to nd the symmetrised noise.

To calculate the full quantum noise, we need to construct an e xplicit
form for the evolution matrix, M (c), used in the expression for the
noise Eqn. #20). Since the SSET has two junctions, there are two
possible counting variables to use, N, the number of particles in
the left reservoir, and Ng, the number in the right reservoir. In the
calculations we give throughout the remainder of this chapt er we will
use N unless otherwise mentioned. The calculations involving Ng
follow the same procedures.

There are eight elements in the Fourier transformed density matrix
for the DJQP, each corresponds to one of the elements in the reluced
density matrix we used for the island charge (see Eqn. (2:54). We then
wish to nd evolution equations for each of these which will fo rm the
Liouville space vector,

jr(c)ii =(rooor220roz2 2r202" 1 10f110f 11,071 1,0, (421

we see that the label g keeps track of the coherence. All of the terms
which are diagonal or only involve coherence at the right-ha nd junc-
tion have q = 0, while the two terms which involve coherence have
g= 2. As an example, we start by calculating the evolution equa-
tion for ropo(c). The full evolution of the density matrix is given by
Eqn. (2550). From this and the description in Sec. 24, we nd that the
relevant expression in the evolution of s is given by,

I‘O,NLjst,NLi = G hl,N_ + 1jrjl,N|_+ 1i
+ IJ(m,NL ZJrjO,NLI h 0,N|_JI’]2,N|_ 2|), (422)
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which, when we Fourier transform, yields,

rooo(c) = & hO,Nyj Ny 0, Ny i
N

o

= & €°M[GhL,N_ + 1jrj1,N, + 1i
N

+iJ(R2, N 2jrjo,Nii h O,Njrj2,N.  2i)]. (423

The rstterm is straightfor