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Abstract

In this thesis we present a study of the �uctuations and noise which
occur in a particular nanoelectrical device, the single electron transis-
tor (SET). Electrical transport through the SET occurs through a com-
bination of stochastic, incoherent tunnelling and coheren t quantum
oscillations, giving rise to a rich variety of transport pro cesses. In the
�rst section of the thesis, we look at the �uctuations in the el ectrical
properties of a SET. We describe the SET as an open quantum system,
and use this model to develop Born-Markov master equation des crip-
tions of the dynamics close to three resonant transport proc esses: the
Josephson quasiparticle resonance, the double Josephson quasiparti-
cle resonance and the Cooper-pair resonances. We use these models
to examine the noise properties of both the charge on the SET island
and the current �owing through the SET. Quantum coherent osc illa-
tions of Cooper-pairs in the SET give rise to noise spectra which can
be highly asymmetric in frequency. We give an explicit calcu lation
of how an oscillator capacitively coupled to the SET island c an be
used to infer the quantum noise properties close to the Cooper-pair
resonances. To calculate the current noise we develop a new tech-
nique, based on classical full counting statistics. We are able to use
this technique to calculate the effect of the current �uctua tions on an
oscillator coupled to the current through the SET, the resul ts of which
are in good agreement with recent measurements. In the �nal pa rt of
the thesis we explore the coupled dynamics of a normal state SET ca-
pacitively coupled to a resonator in the presence of an external drive.
The coupling between the electrical and mechanical degrees of free-
dom leads to interesting non-linear behaviour in the resona tor. We
are able to �nd regions where the resonator has two possible st able
amplitudes of oscillation, which can lead to a bistability i n the dy-
namics. We also look at the �uctuations in the energy of the sy stem.
We use numerical methods to simulate the dynamics of the syst em,
and to obtain the probability distribution for the work done , whose
form can be interpreted by the appropriate �uctuation relat ion.
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1
I N T R O D U C T I O N

Fluctuations and noise play an increasingly important role in the
dynamics of systems as they become smaller. Noise not only pro-

vides an intrinsic problem to be minimised in an experiment, but
measurement of noise can also provide a sophisticated way of un-
covering the behaviour of a system [ 1, 2, 3]. Features in the noise,
beyond those which are present in the mean dynamics, give inf orma-
tion about the interactions within the system, and also the e nergy and
time scales which are important to the dynamics [ 1, 4, 5].

In this thesis we examine the information we can gain by study ing
noise in nanoelectrical systems, small electrical circuits, in which the
quantisation of charge is important [ 2]. We will focus our attention
on one particular example, the single electron transistor ( SET).

1.1 single electron transistors

The SET consists of a small metallic island coupled to leads via tunnel
junctions. Current is transported through the device via in dividual
electrons hopping on and off the island into the leads. Examp les of
such devices can be seen in Fig.1.1. The SET was �rst proposed by
Averin and Likharev in 1986[6] and was demonstrated in 1987 by
Fulton and Dolan [ 7]. It was shown in these early examples that the
electrostatic energy of the island is highly sensitive to th e charge on
a nearby gate, and so changing the voltage applied to the gate can
dramatically change the current through the SET.

It is also possible to make the leads and island of the SET from
materials which, at suf�ciently low temperatures, become su percon-
ducting [ 12]. In this case, the transport can become highly complex
with a number of different processes which can contribute. T o fully
describe a superconducting SET (SSET) the use of quantum mechan-
ics is essential. In such systems, the presence of steady state quantum
coherence leads to interesting features in both the averagecurrent [ 13]
and the noise spectrum [14, 4, 15] of the device. While transport in
the normal state SET is purely due to the tunnelling of normal elec-
trons, in the SSET a much richer variety of processes are possible.
Different combinations of coherent Cooper-pair oscillati ons and inco-
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Figure 1.1.: Experimental realisations of single electron transisto rs, taken
from (a) Ref. [8], (b) Ref. [9] and (c) Ref. [10]. In (d), from
Ref. [11], we show a carbon nanotube (indicated by the arrow)
with an embedded quantum dot, the dynamics are described in
a very similar way to the SET.

herent quasiparticle tunnelling can become favourable, wi th a highly
sensitive dependence on the choice of bias point [13].

The SET also provides a prototype for many other physical sys tems.
Similar dynamics can occur in quantum dots [ 16, 17, 18], molecular
transistors [19], and carbon nanotubes, which can support single elec-
tron transport [ 11, 20].

1.2 measurement and noise

The SET found uses as a detector, since it can easily be integrated
with other systems and its current measured. The current thr ough
the SET depends strongly on the charge, Qg, induced on the gate
electrode: a change inQg by only e/2 can change the current, I , from
its maximum value to zero. This means that the SET has a large
gain G = dI/ dQg and so can be used as a highly sensitive electrome-
ter [21] for detecting nearby charges. Because of this it was suggested
as a read out device for qubits based on systems with charge coher-
ence [22, 23].

The position of a nearby mechanical object, such as a nanomechani-
cal beam, can also be measured with a high degree of accuracy by the
SET [24, 25]. If the beam forms one plate of the gate capacitor, then, as
the beam moves, it changes the capacitance, thus effectively changing
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Qg, this then leads to sensitive dependence of I on the position of the
oscillator. An example of this kind of device is shown in Fig. 1.1 (c).

More recently, experiments have shown that a SET can be used to
image surface acoustic waves(SAW) [26] in piezoelectric crystals. The
displacement of the surface induces a polarisation in the substrate,
which is detected as a change in the potential of the SET, and so
measurement of the current through the SET allows the imagin g of
SAW [27].

The sensitivity of all these measurements is limited by two d istinct
sources of noise. Firstly, the intrinsic noise of the SET; the current
through the SET �uctuates about its mean value. Charge is tra ns-
ferred one electron at a time, which creates shot noisein the current,
and so limits the sensitivity of the measurement [ 1]. Secondly, the
sensitivity is limited by the effect of back-actionnoise [3]. Since the
SET and the measured system are coupled, �uctuations in the SET
cause �uctuations in the measured system, thus creating unc ertainty
in the measurement. This back-action noise is a very general feature
of quantum measurement, and absolute limits on sensitivity , imposed
by quantum mechanics, can be calculated [3].

1.3 fluctuations beyond measurement

Back-action noise can be seen from a different point of view. As
well as being a nuisance in the context of sensitive measurement,
the back-action can have dramatic effects on the measured system
which is coupled to the SET and can, in fact, be used to manipul ate
its dynamics and can even be used for the dissipative generation of
quantum states [28]. Recent experiments have used the back-action
of SETs to coolan oscillator to a temperature lower than the thermal
environment [ 10] and also to induce laser-like instabilities in a super-
conducting resonator [ 28], by pumping energy from the SET into the
resonator. Other experiments have used the back-action effects of
single electron tunnelling to induce non-linear behaviour in driven
carbon nanotubes [11, 20]. Finally, the back-action caused by a con-
ductor provides a `�ngerprint' of its noise properties. This means we
can learn a lot about the intrinsic quantum dynamics of a cond uctor
simply by measuring the effect it has on the dynamics of a simp le
system like a harmonic oscillator to which it is coupled [ 8, 29].

Fluctuations in the electrical properties of the SET can lead to �uc-
tuations in the mechanical properties of a resonator couple d to the
SET. This, in turn, leads to �uctuations in the energyof the resonator.
Therefore, the thermodynamic quantities, such as the work d one on
the resonator by an external drive, do not have a de�nite value but
can take on a range of values, and so have an associated probability
distribution. These quantities can then, apparently, viol ate the second
law of thermodynamics, for example, the work done can be nega tive
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for some particular rare trajectories [ 30]. Quantifying the probability
of such trajectories occurring led to the development of the so-called
�uctuation relations[31, 32]. Very recently there has been interest in
applying these relations to mesoscopic conductors [33, 34, 35]. The
SET-resonator provides a particularly simple model system to study
these �uctuation relations in an out-of- equilibrium syste m.

1.4 this thesis

The structure of this thesis is as follows. In chapter 2 we provide a
brief outline of the physics of the single electron transist or. We begin
by describing the dynamics of SETs, both normal state and super-
conducting. We then develop the master equation formalism w hich
we use throughout this thesis to describe the SSET, and outline the
models which we use to describe transport through the SSET at three
points where resonant transport occurs via different mecha nisms: the
Josephson quasiparticle (JQP) cycle, the double Josephsonquasiparti-
cle cycle (DJQP) and the Cooper-pair resonances (CPRs).

In chapter 3 we describe the formalism used for quantifying the
noise properties of the SSET. This formalism is then used to calculate
the island charge noise for the various transport mechanism s in the
SSET outlined in chapter 2. We show that these calculations reveal
features of the dynamics which cannot be seen by simply looki ng at
the average behaviour of the system. For the CPRs, we develop the
model further and look at how it could be experimentally feas ible to
probe the charge noise by weakly coupling an oscillator to th e SSET
island.

The focus of chapter 4 is on developing a method to calculate the
quantum noise in the current through the SSET. Calculating t he cur-
rent noise is non-trivial: quantum coherence between states with
Cooper-pairs in the leads and on the island means that the usual
classical counting methods break down. A new technique, cap able
of solving this problem, is described in the �rst part of the ch apter,
which is then applied to the transport mechanisms in the SSET. We
pay particular attention to the noise at the DJQP resonance, since we
are able to provide an interpretation of a recent experiment , described
in Ref. [8]. We also show how the quantum current noise gives de-
tailed information about the charge transfer processes whi ch occur in
each of the junctions, beyond what was found for the charge no ise.

In chapter 5 we look at a more complex system; an oscillator capac-
itively coupled to a normal state SET which is subject to a per iodic
driving force. Our simple model for the coupled dynamics of t his sys-
tem allows us to explore regions of interesting non-linear b ehaviour
in the system. We are able to �nd regions where the resonator ha s two
stable states which oscillate with different amplitudes. I n this region,
the steady state distribution of the oscillator can exhibit a bistability,
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in which the system infrequently switches between the two st ates. We
go on to present some preliminary results of the thermodynam ics of
this driven system. We investigate the distribution of work done by
the external force, and �nd that, even though the mean work don e
is guaranteed to be positive, there are some trajectories in which the
work done is negative. These trajectories allow us to examin e the
work �uctuation relations in this system.

The original material in this thesis is the result of collabo ration with
several individuals and some of it has been published elsewh ere. The
work presented in sections 2.5 and 3.7 has been published in Ref. [36],
while the material in sections 4.2 and 4.3 form the basis of the preprint
[37]. This work along with the remainder of the original materia l in
chapter 4, was produced in collaboration with Fabio Pistolesi, Manuel
Houzet and Andrew Armour. The material in chapter 5 resulted from
a collaboration with Andrew Armour.
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2
T H E S E T

Recently it has become possible to create mesoscopic devices in
which electrons tunnel one-by-one through a series of junct ions.

Such devices rely on the quantisation of charge and energy to func-
tion, this means that quantum mechanics is fundamental to th eir be-
haviour. Single electron devices also have important techn ological ap-
plications in metrology and sensing; as discussed in chapter 1, they
have been used as ultra-high precision measurement devicesfor quan-
tities such as charge [38] and displacement [ 25, 39], and also there is
a possibility of using these devices for determining a new cu rrent
standard [40].

The particular example which we focus on this thesis is the si n-
gle electron transistor (SET) [7] (described in detail in the following
section). This device provides the prototypical example of a single
electron transport device. The SET can be made from metal which
is either in the normal state, or at low enough temperatures, in the
superconducting state. For a normal state SET, the transport involves
individual electrons. For a superconducting device, the cu rrent can
be transmitted both by Cooper-pairs and, at high enough volt ages,
by quasiparticles. SETs support a wide range of different tr ansport
mechanisms, and can have rich and complex current-voltage charac-
teristics.

In this chapter we will introduce several transport mechani sms
which occur in SETs. We begin with a detailed description of t he
transport in a normal state SET in Sec.2.1. Then, in Sec.2.2, we give
a general overview of the techniques used to describe the dynamics
of the superconducting SET (SSET); we write down a Hamiltoni an
and show that, to correctly describe the transport, we need t o include
dissipation in our model. In the following sections we give d etailed
models for a variety of transport cycles in the SSET, in Sec.2.3 we de-
scribe the Josephson quasiparticle resonance, in Sec.2.4 we describe
the double Josephson quasiparticle resonance and �nally, in Sec.2.5
we describe the Cooper-pair resonances.
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Figure 2.1.: A schematic diagram of the SET. The encircled region shows the
SET island.

2.1 normal state sets

A normal state single electron transistor consists of a small island
coupled to leads by tunnel junctions with capacitances CL(R) . A
schematic of the circuit is given in Fig. 2.1. The electrostatics of the
system are controlled by two voltage sources; a source-drain bias, V,
is applied symmetrically across the junctions, and a gate vo ltage, Vg,
is applied to a gate capacitor, Cg. This then induces a polarisation
charge on the island [41], which we write in terms of the effective
number of electrons required to create it,

ng =
CgVg

e
, (2.1)

which controls the energy levels of the island. Since the dev ice is
not superconducting, transport is purely due to incoherent tunnelling
of electrons. To make sure that these electrons travel one ata time
through the transistor, we require the energy cost for addin g extra
electrons to the island to be the largest scale in the problem. This
charging energy is given by [ 41],

EC =
e2

2CS
, (2.2)

where CS is the total capacitance of the island CS = CL + CR + Cg. To
make sure that charging effects dominate over thermal �uctu ations
we need EC � kBT, and so the island needs to have a small capac-
itance, this means that the SET island needs to be physically small.
The energy of the system with n excess electrons on the island (as-
suming CL = CR) is given by the Hamiltonian [ 42, 43],

H (n) = EC(n � ng)2. (2.3)

For certain choices of source-drain and gate voltage single electron
transport occurs through the device. To quantify the condit ions for
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this we consider the change in electrostatic energy when an electron
tunnels at each junction. We choose the direction of the source-drain
voltage such that electron tunnelling occurs from left to ri ght across
the transistor. The change in electrostatic energy due to a forward
tunnel event at the left and right junctions is given by [ 41],

DEL = ( H (n) � H (n + 1)) +
eV
2

, (2.4)

DER = � (H (n) � H (n + 1)) +
eV
2

. (2.5)

In each case, the �rst term is due to the electrostatic energy d ifference
between the states before and after the tunnel event and the second
term is the energy gained due to the source-drain voltage. We then
substitute the Hamiltonians from Eqn. ( 2.3) into the expressions for
DE and obtain,

DEL = EC(2n + 1 � 2ng) +
eV
2

, (2.6)

DER = � EC(2n + 1 � 2ng) +
eV
2

. (2.7)

So, if we choose1 0 � ng � 1, then the lowest two island states are
given by n = 0, 1. In the low temperature limit considered here, the
only spontaneous changes which can occur are from higher to l ower
energy states, i.e. with DE > 0. This allows us to set a bound on the
source-drain voltage such that both the n = 0, 1 states are accessible
by allowed transitions and all others are forbidden,

max[(1 � 2ng), (� 1+ 2ng)] �
eV
2EC

� min [(1+ 2ng), (3 � 2ng)]. (2.8)

At voltages smaller than the lower bound, the system enters t he re-
gion of Coulomb blockade[41], where only one state is available to the
island and so no transport can occur: the system is stuck in a single
state. At voltages above the upper bound, another channel of trans-
port opens up, and three or more states are available for tran sport.
This Coulomb diamondstructure of available island states is shown in
Fig. 2.2, where we show the various states available as a function of
the gate and source-drain voltages.

We now limit ourselves to regions where single electron tran sport
can take place (the green region of Fig.2.2). To describe the dynamics
of the island in this region we use the orthodox modelof transport
through the SET [44]. This states that the transition rate at each of the
junctions is simply related to the free energy difference be tween the
initial and �nal states. At zero temperature this is given by [ 44],

GL(R) =
DEL(R)

e2R
Q(DEL(R) ), (2.9)

1 without loss of generality, since the replacement ng ! ng � 1 gives the same dynam-
ics but with the island states shifted by n ! n � 1
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Figure 2.2.: A Coulomb diamond. The red regions are those where only one
state is available to the island and no transport is availabl e, the
green region is where single electron transport can take place
since two island states are available and the blue region shows
where more than two states are available and more complicated
transport occurs.

where Q(�) is the Heaviside step function which ensures the energy
differences are positive, and R is the tunnel resistance of the junctions.
We then assume that an ensemble of SETs can be described by proba-
bility functions P0(1)(t), which describe the probability of �nding the
island in the state n = 0(1) at time t [44]. These evolve according to
the master equations,

�P0 = GRP1 � GLP0, (2.10)
�P1 = GLP0 � GRP1. (2.11)

The master equations can then be used to calculate the average steady
state current though the SET,

hI i = eGLP0 = eGRP1, (2.12)

which is given by,

hI i =
eGLGR

GL + GR
. (2.13)

We will come back to systems involving normal state SETs in ch apter
5, but for the remainder of this chapter and chapters 3 and 4, we turn
to the dynamics of superconductingSETs.

2.2 superconducting single electron transistors

Single electron transistors can also be made using superconducting
material [ 45, 38, 21] for the leads and island so that, at low enough
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temperatures, the main charge carriers through the device are Cooper-
pairs. The tunnel junctions then become Josephson junctions which
allow quantum coherence between states with a Cooper-pair o n each
side of the junction to develop. This then means that a full qu antum
mechanical description of the system is required.

A convenient set of basis states which describe the Hilbert space of
the SSET island and leads consist of the statesjn, NLi , where n labels
the island charge state and NL counts the number of electrons in
the left hand lead of the SSET. Wechooseto count electron transport
through the left-hand junction (we could equally have writt en the
states with NR), we include this degree of freedom which is absent in
many models [ 14, 46, 47], since it gives more information about the
current than just the island charge n, as we will see in chapter 4.

The Hamiltonian which describes the coherent evolution of t he sys-
tem contains two terms [ 41, 48, 4],

HS = HC + HJ, (2.14)

where HC describes the charging energy of the island, this is very
similar to the classical Hamiltonian used to describe the no rmal state
SET in Eqn. (2.3), and also includes a term which describes the energy
gain from the source-drain voltage,

HC = å
n,NL

h
EC(n � ng)2 +

�
NL +

n
2

�
eV

i
jn, NL i hn, NLj . (2.15)

The term neV/2 arises from the fact that electrons on the island have
passed through one of the junctions and so enter the Hamilton ian
with half the energy cost of those in the lead. The Josephson coupling
is described by HJ, which couples states that differ by one Cooper-
pair transition,

HJ = �
EJ

2 å
n,NL

�
jn, NL i hn + 2,NL � 2j + jn, NLi hn � 2,NL j

�
+ h.c.,

(2.16)

where EJ is the Josephson energy of the junctions (taken to be equal),
and h.c. is the Hermitian conjugate. The �rst term in this expression
(and its conjugate) describes Josephson oscillations at the left hand
junction, which change the value of the counting variable, NL, while
the second term describes oscillations at the right junctio n, which do
not change NL.

As with the normal state SET, the choice of ng and V have a strong
affect on the transport mechanisms available. Experimental results
for the current through a SSET as a function of both drain-sou rce
and gate voltage are reproduced in Fig. 2.3 (from [ 13]). We see a
variety of features which can be attributed to the various tr ansport
mechanisms, which we will describe in detail in the remainde r of
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Figure 2.3.: Current-voltage characteristics of an SSET. The variousresonant
transport mechanisms discussed in the main text are labelled.
Adapted from [ 13]

this chapter. At high source-drain voltage we see the curren t gets very
large. In this region, labelled QPs, quasiparticle tunnelling(described
in the next section) can occur at both junctions, this leads to behaviour
which is very similar to a normal state SET. At lower voltages than
this we see lines of high current, these can be attributed to Josephson
quasiparticle (JQP) resonances. At even lower voltages, atthe points
where two JQP lines would cross we see large peaks which are due
to doubleJosephson quasiparticle (DJQP) resonances.

The presence of a steady state dc current through the SSET cannot
be explained without some form of dissipation, a simple Hami ltonian
description is not adequate. If the SSET island was completely iso-
lated from its environment, then the dynamics would simply e volve
coherently under the action of the Hamiltonian, and the equa tion of
motion for the density operator[49] would simply be,

�r = � i[HS, r ], (2.17)

where, for simplicity, we now work with units where ¯ h = e = kB = 1
(unless otherwise stated). The long time behaviour of such an equa-
tion simply contains oscillations between states linked by the Joseph-
son Hamiltonian, and so only describes an ac current. To describe the
dissipative dynamics, we need to introduce dissipation to o ur system
induced by coupling to an external bath.

2.2.1 Coupling to an environment

In general an open quantum system[50] can be described by partition-
ing the universe into the systemwhich is the part that contains the
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degrees of freedom we are interested in, and the bathwhich contains
everything else. The complete Hamiltonian can then be writt en as,

H = HS + HB + HSB, (2.18)

where HS contains operators which act only on the Hilbert space of
the system, HB is the Hamiltonian of just the bath and HSB describes
the interaction between the two subsystems. The complete evolution
of the full density operator of the system and bath is then giv en by
the coherent master equation,

�r = � i[H, r ]. (2.19)

This equation is usually too complicated to directly solve, and so ap-
proximations are made. In this thesis, we always work with sy stems
which can be described by a Born-Markovmaster equation [50]. This
relies on two approximation schemes for the above equation. Firstly,
in the Born approximation, we assume that the coupling Hamil tonian
between the system and bath is weak, in the sense that we can use per-
turbation theory in this Hamiltonian. Secondly, we use the Ma rkov
approximation, which requires the relaxation timescale of the bath to
be much faster than any of the dynamics of the system. This all ows
us to ignore any memoryeffects of the bath, and assume the evolution
equation for the system is local in time. After these approxi mations,
we end up with an equation for the reduced density operator of the
system, r S = TrB[r ], where TrB is the partial trace over bath degrees
of freedom. This equation of motion is given by [ 50],

�r S = � i[HS, r S] + L Br S, (2.20)

where L B is a superoperator[50] which contains all the remaining in-
formation about the interaction with the bath.

In the following sections, we outline the form of the Born-Mar kov
master equation descriptions, which we will use in the follo wing
chapters to describe the various current carrying processes in the
SSET. We will give brief overviews of the derivations for the JQP and
DJQP cycles, since complete derivations are available in the literature,
but, for the Cooper-pair resonances a master equation description is
not available elsewhere, and so the description we provide c ontains
rather more detail.

2.3 josephson quasiparticle resonance

We begin with the Josephson quasiparticle (JQP) resonance.Solving
the coherent equations above shows that, even at zero applied bias,
it is possible for ac Josephson oscillations to occur in the SSET. How-
ever, this does not on its own lead to dc current. For this to oc cur we
need dissipation, provided in the case of the JQP resonance by a bath
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Figure 2.4.: The JQP cycle. Cooper-pair tunnelling at the left junctio n is fol-
lowed by two quasiparticle decays at the right junction.

of quasiparticles, collective excitations which, for the purposes of this
thesis, behave exactly as electrons in a normal conductor. For quasi-
particle transport to occur, the applied bias needs to be hig h enough
to overcome the gap in the density of states, V > 2D, where D is
the superconducting gap. When this condition is met, the tra nsport
can involve a mixture of both resonant Cooper-pair transpor t and
quasiparticle decays. Under certain conditions, this comb ination of
coherent and incoherent effects can lead to the JQP cycle[51, 12, 52];
the steps involved are shown schematically in Fig. 2.4. We choose the
left-hand junction to be resonant for a Cooper-pair transit ion, while
quasiparticle decays occur at the right-hand junction, the results pre-
sented are equally valid for the reverse situation. The JQP resonance
is referred to as a cycle, since the number of Cooper-pairs on the is-
land returns to its initial state ( n = 0 in Fig. 2.4), but the counting
variable NL decreases by 2 each cycle, and so a dc current results.

Resonant Cooper-pair oscillations can occur when two states for
which the number of Cooper-pairs on the island differ by one a re
degenerate in charging energy. Labelling these states asj0,NL i and
j2,NL � 2i , the resonance condition becomes [53, 4],

V = 4EC(1 � ng). (2.21)

This is derived by setting the charging energies of the two st ates
equal, h0,NL j HC j0,NL i = h2,NL � 2j HC j2,NL � 2i , with HC de�ned
in Eqn. (2.15). In Fig. 2.3, we see the JQP features as lines of en-
hanced current. Here we focus on one of these features described
by the expression above. There are, of course, a whole set of reso-
nance points at which the JQP cycle takes place, for example,when
the states jn, NLi and jn + 2,NL � 2i are resonant, along the line V =
4EC(1 � ng + n), which, together with the resonances at the right
hand junction, gives the pattern of lines seen in Fig. 2.3. All of the re-
sults presented here are valid for any of these other JQP cycles, with
trivial shifts in the de�nitions of n and NL. This leads us to naturally
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introduce a parameter which describes how far the system is d etuned
from the JQP resonance [15]

d = 4EC(1 � ng) � V. (2.22)

For the JQP cycle to occur, we need to provide enough energy to allow
the quasiparticle decays to occur. To be able to break up Cooper-pairs
on the SSET island we need the applied voltage to be able to overcome
the superconducting gap, D. This condition can be derived in the
same way as we did in Sec. 2.1, for the normal state SET, including
an extra energy cost, 2D, to be overcome [54, 4]. This leads to the
following result for the two decays to be energetically favo urable,

V � 2D � EC n = 2 ! 1, (2.23)

V � 2D + EC n = 1 ! 0, (2.24)

since the condition for the n = 1 ! 0 transition is always more strin-
gent, we only need to make sure the voltage is high enough to satisfy
this, as then n = 2 ! 1 will automatically be satis�ed. There is also
an upper limit to the voltage at which the JQP can be seen. For drain-
source voltages, V > 4D, quasiparticle tunnelling is favourable at
both junctions, and so incoherent transport dominates, and the SSET
behaves as a normal state SET. This can be seen in the experimental
results in Fig. 2.3, in the region labelled QPs, where the Coulomb
diamond structure can be clearly seen.

We now calculate the rates for the quasiparticle decays, G1(2) (as
labelled in Fig. 2.4). To do this, we employ a slightly more sophisti-
cated approach than we did for the normal state SET in Sec. 2.1. The
tunnel rates depend on the density of states available for th e particle
to tunnel into, and the energy which it gains by tunnelling. T he rates,
calculated using Fermi's golden rule, are given by [ 54],

G1(2) =
1
R

Z ¥

� ¥
$(e)$

�
e+ E1(2)

�
f (e)

h
1 � f

�
e+ E1(2)

�i
de, (2.25)

where f (e) is the Fermi occupation at a given energy, which, at T =
0, is simply f (e) = Q(� e) with Q(�) the Heaviside step function.
This expression is only valid when the junction resistances are small
enough to use perturbation theory, which is the same conditi on on
that used in the Born approximation for the master equation. The
energy gained in each quasiparticle decay, E1(2) , is given by [ 15],

E1 = V + EC +
d
2

, (2.26)

E2 = V � EC +
d
2

. (2.27)

We have also introduced the density of states at energy e, which, for
a superconductor, is [54],

$(e) = Q(e2 � D2)

s
e2

e2 � D2 . (2.28)
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Figure 2.5.: Dependence of quasiparticle rate on the energy difference for
the transition, G(E).

In Fig. 2.5 we show the dependence of the quasiparticle rate on energy.
We see that the rate is zero for applied bias below the threshold, V <
2D, and increases, to a very good approximation, linearly abov e this.
The energy dependence of the rates close to resonance is rather weak,
and so from now on we simply use the on-resonance values for th e
decay rates [4, 15, 47].

2.3.1 Master equation

We now sketch the derivation of a Born-Markov master equation ,
which can describe the full quantum dynamics of the SSET tune d
close to the JQP. We do not give a full details of derivation he re, a
more complete derivation can be found, for example, in Refs. [53, 48,
4, 15]. The Hamiltonian is, in this case, given by [ 53, 48],

H = HS + Hqp + HT, (2.29)

where Hqp describes the bath provided by the quasiparticles, and HT

is the tunnel Hamiltonian which couples the SSET island to th e bath,
these are the bath and coupling Hamiltonians for our system ( as in
Eqn. (2.18)). We assume that the quasiparticle bath is weakly cou-
pled to the system Hamiltonian, which is equivalent to assum ing that
the junction resistances are large, R � RQ, where RQ = e2/ h is the
quantum of resistance, and that the decay time of the bath is short
compared to all other timescales (this is equivalent to requ iring that
EC is the dominant energy scale [55]). This results in a standard Born-
Markov master equation for the evolution of s, the reduced density
matrix of the SSET [56, 4, 57, 47],

�s = � i[HS, s] + L qps, (2.30)
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where we only include the terms relevant to the JQP in Josephson part
of HS, since all of the other terms are far from resonance [53, 48, 4],

HJ = �
EJ

2 å
NL

j0,NL i h2,NL � 2j + h.c. . (2.31)

The dissipative part of the evolution is given by [ 53, 48, 4],

L qps = å
NL

G1 [j1,NL i h2,NL j s j2,NL i h1,NL j

� 1/2 f j2,NL i h2,NL j , sg]

+ G2 [j0,NL i h1,NL j s j1,NL i h0,NL j

� 1/2 f j1,NL i h1,NL j , sg] .

(2.32)

For the purposes of calculating the average current and charge
noise (as we will go on to do in the following chapter), we can t race
out the counting degree of freedom, NL, and introduce the reduced
density operator,

r ij = å
NL

hi, NL j s j j, NL + qi , (2.33)

where q is chosen to pick out the relevant coherences, i.e. for r 00 we
use q = 0, but for r 20 we need to use q = 2. This leaves us with
a simple equation which only describes the evolution of the d egree
of freedom corresponding to the charge on the island [ 14, 46, 47]. We
notice that the only coherences which couple to the diagonal elements
of the density matrix are those between the states which are l inked by
the resonant Josephson transition, j0,NL i and j2,NL � 2i . Therefore,
we only need to consider the evolution of �ve elements of r which
are given by,

�r 00 = G2r 11 � iJ(r 02 � r 20), (2.34)

�r 11 = G1r 22 � G2r 11, (2.35)

�r 22 = � G1r 22 + iJ(r 02 � r 20), (2.36)

�r 02 = � iJ(r 00 � r 22) +
�

id �
G1

2

�
r 02, (2.37)

�r 20 = iJ(r 00 � r 22) +
�

� id �
G1

2

�
r 20, (2.38)

where J = EJ/2. This set of equations can be converted into a matrix
equation,

djr ii
dt

= Mj r ii , (2.39)

where we now work in Liouville space[49, 58, 59, 60] in which opera-
tors in Hilbert space are described by vectors such as,

jr ii = ( r 00, r 11, r 22, r 02, r 20)T, (2.40)
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and the evolution is described by a superoperatorwhich in Liouville
space is the matrix M . This has the form,

M =

0

B
B
B
B
B
B
B
@

0 G2 0 � iJ iJ

0 � G2 G1 0 0

0 0 � G1 iJ � iJ

� iJ 0 iJ id � G1/2 0

iJ 0 � iJ 0 � id � G1/2

1

C
C
C
C
C
C
C
A

. (2.41)

We can then �nd the unique stationary state density matrix as t he
eigenvector of M with eigenvalue 0,

Mj 0ii = 0, (2.42)

where j0ii is the vector representation of the stationary state densit y
matrix normalised correctly so that r 00 + r 11 + r 22 = 1.

2.3.2 Average current

The average current at the JQP can then be calculated in a similar
way as for a normal SET, if we count the number of particles whi ch
go through the right-hand (incoherent) junction then we �nd t hat the
stationary state current is simply,

hI i = G1r 22 + G2r 11, (2.43)

where the density matrix elements are evaluated in the stead y state.
This gives the simple expression [51, 4],

hI i =
2E2

JG1

4d2 + G2
1 + E2

J

�
2 + G1

G2

� , (2.44)

which is a Lorentzian as a function of detuning, d. We note that,
around the resonance, the energy dependence of the quasiparticle
rates, G1(2) , is rather weak, and the main voltage dependence of the
current is due to the detuning parameter, d. In the following chap-
ters, to simplify our model, we will ignore the difference be tween
the two quasiparticle rates, since this does not signi�cantl y alter the
results [15, 57, 47].

2.4 double josephson quasiparticle resonance

At the point in the V-ng plane where two JQP lines would cross trans-
port in the SSET becomes dominated by the double Josephson quasi-
particle resonance (DJQP) [14, 55, 15, 57], as has been observed by a
variety of experimental setups [ 61, 13, 62, 8]. A schematic of the cycle
can be seen in Fig.2.6. The cycle consists of two resonant Josephson
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Figure 2.6.: The DJQP cycle. Quasiparticle decays and Cooper-pair tun-
nelling occurs at both junctions.

transitions, one at each junction, linked by incoherent qua siparticle
decays. The DJQP occurs at lower voltages than the JQP cycle,be-
cause the limiting quasiparticle decay, n = 1 ! 0, is not involved.
The signature of the DJQP can be seen in the experimental results
reproduced in Fig. 2.3, where at voltages below the JQP lines a large
peak is seen in the current.

The description of the DJQP follows a natural extension to th at
presented in the previous section for the JQP resonance. Thecon-
dition for resonant Cooper-pair transport at each junction is given
by [14, 15],

4EC(ng � 1) + V = 0, (2.45)

4ECng � V = 0, (2.46)

which implies that the DJQP occurs when ng = 0.5,V = 2EC. It then
follows that the DJQP is only seen in the vicinity of a point in Fig.
2.3, whereas the JQP resonance was a line. We can then identify two
detuning parameters, one for each junction as,

dL = 4EC(ng � 1) + V, (2.47)

dR = 4ECng � V. (2.48)

The quasiparticle rates can be calculated in exactly the same way as
for the JQP in Eqn. (2.25). This leads to the result that, for the relevant
quasiparticle transitions to be energetically favourable , we require,

V � 2D � EC. (2.49)

Combining these results, on resonance, we need system parameters
such that 3EC � 2D, to ensure that all of the conditions are met to
observe the DJQP. We �nd at the centre of the DJQP resonance the
two quasiparticle rates are the same, GL = GR, since the two quasipar-
ticle processes have the same energy gain at this point [15]. Since
the energy dependence of the rates is weak (as for the JQP), we
will simplify our model by using the on-resonance values, an d set
GL = GR = G[14, 55, 15].
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2.4.1 Master equation

The master equation for the DJQP can be derived in exactly the same
way as for the JQP [14, 55, 57, 15] (making the same Born-Markov
approximations), to �nd the form [ 14],

�s = � i[HS, s] + L qps, (2.50)

where the Josephson part of the Hamiltonian includes the tra nsitions
at both junctions, since they are both resonant at some point in the
cycle [55],

HJ = �
EJ

2 å
NL

(j0,NL i h2,NL � 2j + j� 1,NL i h1,NL j + h.c.). (2.51)

The dissipative part of the master equation describes the quasiparticle
decays and can be written as [48, 55],

L qps = å
NL

G
�

j1,NL i h2,NLj s j2,NL i h1,NLj

�
1
2

fj 2,NL i h2,NL j , sg
�

+ G
�

j0,NL i h� 1,NL � 1j s j� 1,NL � 1i h0,NLj

�
1
2

fj� 1,NL i h� 1,NL j , sg
�
.

(2.52)

We can again, as with the JQP, trace out the degree of freedom
associated with NL, by de�ning the same quantity as in Eqn. ( 2.33),
which then leaves us with an equation of the same form as Eqn. ( 2.39),
but now the density matrix vector contains the eight element s,

jr ii = ( r 00, r 22, r 02, r 20, r � 1� 1, r 11, r � 11, r 1� 1)T. (2.53)

We include the evolution of the four charge states involved i n the cy-
cle, (r 00, r 22, r � 1� 1, r 11), and also four coherences,(r 02, r 20, r � 11, r 1� 1),
two for the resonant Cooper-pair tunnelling at each junctio n. The evo-
lution matrix is given by [ 55],

M =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 0 � iJ iJ G 0 0 0

0 � G iJ � iJ 0 0 0 0

� iJ iJ G�
L 0 0 0 0 0

iJ � iJ 0 G+
L 0 0 0 0

0 0 0 0 � G 0 � iJ iJ

0 G 0 0 0 0 iJ � iJ

0 0 0 0 � iJ iJ G�
R 0

0 0 0 0 iJ � iJ 0 G+
R

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

, (2.54)
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where G�
L(R) = � idL(R) � G/2, and we have chosen the order of the

basis in such a way that it emphasises the block structure. The top left
4 � 4 block of M describes the coherent Josephson oscillations at the
left junction, while the bottom right block describes the os cillations
at the right junction. These blocks are linked by the two G terms
which correspond to the incoherent decays which link the two sets of
oscillations.

2.4.2 Average current

Calculating the average current at the DJQP is slightly more com-
plicated than for the JQP, since both junctions involve the c oherent
transport of Cooper-pairs, and so rate equation arguments a re not so
simple to apply: there is no simple rate associated with the J oseph-
son transitions. To overcome this problem, we note that the a verage
current is simply accounted for by counting charges through the de-
vice and so an incoherent model of the transport is suf�cient [ 55]. To
produce this model, we adiabatically eliminate the coheren ces from
the evolution matrix, by substituting the steady state valu es for the
coherences into the evolution equations for the population s. This
then gives an effective incoherent model for just the evolut ion of the
probabilities. This is described by the matrix [ 55],

M inc =

0

B
B
B
B
@

� gL gL G 0

gL � (gL + G) 0 0

0 0 � (gR + G) gR

0 G gR � gR

1

C
C
C
C
A

, (2.55)

where,

gL(R) =
E2

JG

4d2
L(R) + G2

, (2.56)

describe an effective incoherent rate for Cooper-pair tunn elling at the
left (right) junction, and we use the basis jr ii = ( P0, P2, P� 1, P1)T,
with Pi the probability of being in the island state n = i. We can then
use rate arguments to �nd the current as,

hI i = 2gL(P0 � P2) + GLP� 1. (2.57)

where the P's are evaluated using the stationary state of the evolution
matrix, M inc. This gives the result [13, 55]

hI i =
3E2

JG

2G2 + 4E2
J + 4(d2

L + d2
R)

(2.58)

We see that, for given system parameters EJ and G, the current is a
Lorentzian peak with a maximum at zero detuning, dL = dR = 0, as
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Figure 2.7.: Experimental results showing the low voltage Cooper-pai r reso-
nances, as the diamond shaped pattern. Reproduced from Ref.
[65].

with the JQP, but now we have two detunings and so the DJQP feat ure
is seen as a 2D Lorentzian peak as a function of the two voltages. This
peak can clearly be seen in the experimental results of Fig. 2.3, at the
points where pairs of JQP lines would intersect.

2.5 cooper -pair resonances

We now turn to a slightly more complex transport process in th e SSET,
the Cooper-pair resonances[52, 63, 45, 64, 65, 66] (CPRs). These are
features which occur at voltages much lower than the JQP and D JQP,
where transport is dominated by the coherent transfer of one or more
Cooper-pairs across both junctions of the SSET. At these lowvoltages,
there is not enough energy provided to break the superconduc ting
gap thus the bath which causes dissipation and decoherence is not
provided by quasiparticles (as it was for the other resonanc es), but
instead is the electromagnetic environment in which the cir cuit is
embedded. These features have been observed in measuremntsof
the current through the SSET at low voltages. One set of results is
shown in Fig. 2.7 (reproduced from Ref. [ 65]), the highlighted series
of lines which depend on gate and drain source voltage are due to
the CPRs.

In this section, we develop a detailed model of the SSET close to
the CPRs, including the electromagnetic environment for th e transis-
tor, which requires a different treatment from that used for the JQP
and DJQP resonances. We note that, throughout this section,we will
go back to using dimensionful units, since we will often refe r to ex-
periments to pick realistic parameter values.
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Figure 2.8.: Circuit diagram of the SSET. The SSET island is linked to the
leads by the Josephson junctions, JL(R), and is coupled to the
voltage gate by the capacitance Cg. The bias voltage, V, and
impedances in the circuit, Z0, are taken to be distributed sym-
metrically.

2.5.1 Model System

The SSET, including the embedded environment, is shown schemati-
cally in Fig. 2.8. For simplicity, we assume that the drain-source bias,
V, is applied symmetrically and take the junctions to have equ al ca-
pacitances,CJ, and Josephson energies,EJ. A voltage, Vg, is applied
to the gate which has capacitance,Cg (assumed to be much less than
CJ). The electromagnetic environment of the SSET is modelled by the
impedance Z0, distributed symmetrically between the leads. Since
the transport involves only Cooper-pairs, we use the slight ly different
de�nition of the charging energy of the island, EC = 4e2/2 CS, which
we assume is the dominant scale in the system, so that EC � kBT, EJ.
We again describe the state of the SSET byjn, NLi , but now n counts
the number of excessCooper-pairson the island, and NL the number
of Cooper-pairs in the left hand lead [ 52, 45, 64].

The full Hamiltonian of the system can be written as,

H = HS + Hint + Henv, (2.59)

where Henv is the Hamiltonian of the electromagnetic environment,
and the SSET Hamiltonian, HS, consists of two parts HS = HC + HJ.
The charging Hamiltonian of the island is,

HC = å
n= 0,1

å
NL

[EC(n � ng)2 + 2eV(NL + n)] jn, NL i hn, NLj , (2.60)

where ng = CgVg/2 e is the number of Cooper-pairs equivalent to the
induced polarisation charge. The sum runs over n = 0, 1, since we
have chosen 0< ng < 1 such that these are the only available states
for the island, at low temperature, as with the normal state S ET.

It is useful to introduce the new counting variable k = ( NR �
NL)/2, with NR the number of Cooper-pairs in the right reservoir [ 45].
This takes into account transitions at both junctions, and m akes it eas-
ier to visualise the state of the system. We can then label thestate with
the complete basis setfj n, kig .
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The statesfj n, kig can be separated into two ladders: fj 0,ki , j1,k + 1/ 2ig
and fj 0,k + 1/ 2i , j1,kig , where k is now an integer. Josephson cou-
pling links together adjacent members of the same ladder, bu t does
not connect states from different ladders. Since the drain-source volt-
ageV � 2D, we may assume that quasiparticle tunnelling (which can
link the ladders) is negligible, hence we need only consider one of the
sets of states. Choosing the ladderfj 0,ki , j1,k + 1/ 2ig , the Josephson
coupling between states is given by [45, 66],

HJ = �
EJ

2 å
k

(j0,ki h1,k + 1/ 2j + j0,ki h1,k � 1/ 2j + h.c.). (2.61)

We assume that the dominant source of dissipation and decoher-
ence of the SSET is the electromagnetic environment, modelled by
the impedances in the leads connecting it to the voltage sources. The
impedances lead to �uctuations in the drain-source voltage , dV̂ , which
couple to the system operator, k̂, and give rise to the interaction
Hamiltonian (a detailed derivation of this is given in appen dix A),

Hint = � 2ek̂dV̂ . (2.62)

The effects of dV̂ on the SSET are determined by the equilibrium
spectrum of the voltage �uctuations, which takes the form [ 41, 45, 67,
66, 2],

SV (w) = 4e2
Z ¥

� ¥
hdV̂ (t)dV̂ (0) i eiwt dt

=
8e2h̄w

1 � e� h̄w/ kBT Re[ZT], (2.63)

where ZT = ( Z � 1
0 � iwC2

J/ CS) � 1 is the total effective impedance seen
at the junctions. At the low frequencies which turn out to be r ele-
vant for the system dynamics, w � (Re[ZT]CJ) � 1, we can ignore the
second term in the de�nition of ZT above and take Re[ZT] = Re[Z0].
We further assume that the embedding circuit provides a low, real
(Ohmic) impedance, to ensure weak coupling to the environme nt,
which allows us to use the Born approximation later. This amo unts to
assuming that Z0 = R � RQ, where RQ is the quantum of resistance,
such as would be generated by a transmission line [3]. Our descrip-
tion can easily be extended to take into account a �nite impeda nce in
series with the gate voltage [66], but since we take the limit Cg � CJ,
this has a much weaker in�uence, and so we neglect it here (see ap-
pendix A for details).

The voltage dependence of the charging energy leads to resonances
where the eigenvalues of the charging Hamiltonian, HC (Eqn. 2.60),
become degenerate. The charging energies of the statesj0,ki and
j1,k + p + 1/ 2i , where p = 0, 1, 2, . . ., become degenerate at particu-

lar values of the drain-source voltage, V = V ( p)
res , are given by (2p +
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Figure 2.9.: Energy levels of HC, (a) with V = V (1)
res at the p = 1 resonance

and (b) with V & V (0)
res for p = 0. The dashed lines enclose the

doublets: the energy levels which are almost degenerate near
the given resonance.

1)eV( p)
res = EC(1 � 2ng). The energy levels near the p = 0 and p = 1

resonances are illustrated in Fig. 2.9.
The dynamics of the system around the resonances can be thought

of as follows. Since EJ � EC for most choices of operating point,
the charging energy dominates, however, close to degeneracies in the
charging energy, the Josephson coupling becomes important, and the
pairs of states, j0,ki and j1,k + p + 1/ 2i , become strongly mixed, form-
ing doublets. The interaction with the environment can then cause
the system to decay into the neighbouring doublets with lowe r energy.
Taken together, the coherent evolution and decay form a cascade in
which k increases systematically, and hence a dc current �ows. Away
from the resonances, the coherent evolution is suppressed,and decay
processes cannot take the system to ever higherk values, so the cur-
rent is also suppressed. Thus, the degeneracies in the charging energy
lead to resonances in the current [52, 63, 45, 68, 66]. The one excep-
tion to this picture arises for the p = 0 resonance, where one can see
from Fig. 2.9(b) that, for voltages above resonance,V > ECj1 � 2ngj/ e,
the system can move inde�nitely to larger values of k, via incoherent
decay processes alone. Hence in this case the resonance becomes
strongly broadened on one side [45, 66].

2.5.2 Master equations

Having seen how and where the Cooper-pair resonances arise, we
now proceed to derive a quantitative description of the char ge dy-
namics of the SSET that includes the dissipation and decoherence
induced by the electromagnetic environment. As a �rst step, w e use
a unitary transformation method to derive an effective Hami ltonian
which provides a systematic way of accounting for the cohere nt effect
of the Josephson coupling between resonant states. We then proceed
to derive the master equation for the SSET, tracing out the environ-
ment using the Born-Markov approximations. The resulting ma ster
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equation can then be used to derive a much simpler equation th at
describes just the SSET island charge.

2.5.2.1 Effective Hamiltonian

Close to the p-th Cooper-pair resonance, and provided that the volt-
age,V, is not too small, the eigenvalues of the SSET charging Hamil-
tonian are grouped into doublets, fj 0,ki , j1,k + p + 1/ 2ig , with the
spacing between members of a given doublet much less than the
spacing between the doublets. If the voltage drops below a certain
threshold, the resonances start to overlap, since the various values

of V ( p)
res get very close together at low voltages, and the simple pic-

ture presented above breaks down. When all of these conditio ns are
met, the main effect of the Josephson Hamiltonian is to intro duce
couplings between states within each doublet. Since the ful l system
Hamiltonian cannot be diagonalised exactly, we treat the Jo sephson
coupling as a perturbation, and use a unitary transformatio n to de-
rive an effective Hamiltonian which takes into account the m ixing it
induces between states within a doublet [ 69].

In the full Hamiltonian, the Josephson terms link states whi ch are
far from resonance, these terms taken together form an effective link
between the states in the same doublet. We therefore want to �n d a
transformation to the Hamiltonian which makes this structu re obvi-
ous. We seek a unitary transformation, U, such that the transformed
Hamiltonian, H0

S = UHSU†, is block diagonal in the space of the
doublets. This transformation is found as a perturbation se ries in EJ,
and we keep only the leading order contributions and those wh ich
occur at the correct order to describe the resonant coupling (details
are given in appendix B). This results in an effective system Hamil-
tonian which is block-diagonal in the pairs of nearly-reson ant states
fj 0,ki , j1,k + p + 1/ 2ig . Each block takes the form,

H0
k =

 
Ē � DE Jp

Jp Ē + DE

!

, (2.64)

where Ē = � 2eVk is the average charging energy of the resonant
states, andJp is the high order coupling between the states. For p � 1,

Jp = (� 1) p Jq

�
2eV( p)

res

� 2p
(p!)2

, (2.65)

where q = 2p + 1 and J = EJ/2. For the case p = 0, Jp = J. This term
links the two resonant states by Josephson transitions at the junctions
since there are q such Josephson event this occurs at orderq in the
perturbation theory. The splitting between resonant state s, DE, is
given by,

DE =
EC(1 � 2ng) � qeV

2
+

J2

eV( p)
res

2q
q2 � 1

. (2.66)
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The �rst term is the electrostatic energy difference between the states,
and the second term is a correction which arises at second order in
the perturbation calculation 2. For p = 0, the second order correction

is given by J2/ (eV(0)
res ).

The block Hamiltonians are diagonalised by a rotation, Ua = e� isya,
where sy is the usual Pauli matrix, to give the eigenstates of the dou-
blets,

ja, ki = cosa j0,ki + sin a j1,k + (2p+ 1)/ 2i , (2.67a)

jb, ki = � sin a j0,ki + cosa j1,k + (2p+ 1)/ 2i . (2.67b)

The corresponding eigenenergies are,Ea,k = Ē � DE0, Eb,k = Ē + DE0,
where a is de�ned by,

sin 2a =
� Jp

DE0, (2.68a)

cos 2a =
DE
DE0, (2.68b)

and the energy level splitting is,

DE0 = sgn(DE)
q

DE2 + J2
p, (2.69)

which changes sign at the resonance.
Note that the description of the system in terms of doublets i s only

valid within a region around each resonance. The requiremen t that
the spacing between energy levels in the doublet should be mu ch
smaller than the spacing between the doublets means that we must
have jDE0j � eV.

2.5.2.2 Born-Markov description

We now use the block-diagonal form of the Hamiltonian to deri ve
the master equation for the SSET. To do this we need to calculate
the different decay mechanisms which link the various state s of the
system. We will �nd that there are two important types of decay :
�rstly the inter-doublet decays which link states in differe nt doublets
and also the intra-doublet decays which link states within t he same
doublet.

We assume that the interaction between the SSET and the bath is
weak [67], R � RQ, and that the bath has a suf�ciently dense spec-
trum of levels that the standard Born and Markov approximatio ns
can be made [69].

2 We evaluate Jp and the second order correction to DE using the resonance value

for the voltage, V = V ( p)
res , as these terms only give a signi�cant contribution in the

vicinity of the resonances when the electrostatic part of DE is small. Making this
approximation simpli�es the calculation of the perturbati on series.
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Written in terms of the eigenstates of the system Hamiltonia n, the
Born-Markov master equation for the components of the SSET den-
sity operator, s, takes the form [69],

ds̃mn

dt
=

sec

å
m0n0

R mnm0n0s̃m0n0. (2.70)

The tilde denotes the interaction picture, and the sum is ove r only
the secular3 terms, for which wmn = wm0n0, with wmn the frequency
difference between eigenstatesmand n. The coupling tensor, R mnm0n0,
which describes how different states couple to each other in the mas-
ter equation, is given by,

R mnm0n0 = �
Z ¥

0
dt

�

"

g(t )

 

dnn0

"

å
n

k0
mnk0

nm0eiwm0nt

#

� k0
mm0k0

n0neiwm0mt

!

+ g(� t )

 

dmm0

"

å
n

k0
n0nk0

nneiwnn0t

#

� k0
mm0k0

n0neiwnn0t

!#

, (2.71)

where k̂0 = Uk̂U†, and g(t ) = 4(e/¯h)2hdV̂ (t )dV̂ (0) i is the correlation
function of the electromagnetic environment whose propert ies were
speci�ed in Eqn. ( 2.63).

The transformed operator k̂0 (given explicitly in appendix B) takes
the form of a power series in J,

k̂0 = k̂(0) + k̂(1) + k̂(2) + . . . , (2.72)

where the term k̂(n) is nth order in J. We proceed by expanding the
terms of the form k0

mm0k0
nn0 in R up to second order in J. The ze-

roth order term, k(0)
mm0k

(0)
nn0, is diagonal in the charge state basis and

generates dephasing of the charge states. For states withinthe same
doublet, this leads to dissipative transitions between the eigenstates
(intra-doublet transitions). The next non-zero contribut ion comes
from terms of the form k(1)

mm0k
(1)
nn0, which link states from a given dou-

blet with states in the nearest neighbour and next-nearest neighbour
doublets, leading to inter-doublet transitions. The same g eneric de-
scription applies to all the resonances with p � 1, but, for the p = 0
case, the states in a given doublet only couple to one other doublet
leading to a slightly different form for the master equation , as we
discuss below.

3 Secular terms are those for which jwmn� wm0n0j � 1/ Dt where Dt is the coarse-
graining timescale (much larger than the correlation time o f the environment, but
much shorter than the timescale over which s̃ evolves) over which the master equa-
tions are valid. Only terms where wmn= wm0n0 are included since the smallest Bohr
frequency in the system is Jp/¯h which we can safely assume is much larger than
1/ Dt.
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To calculate the inter-doublet terms, we note that close to r esonance,
the inter-doublet transitions occur on a much larger energy scale than
the spacing between levels in the doublet, peV � DE0. This allows
us to simplify the calculation by ignoring the Jp terms in the block-
diagonal Hamiltonian (Eqn. ( 2.64)), and treat the charge states,jn, ki ,
as the eigenstates of the system. Thus, using the charge state basis,
the inter-doublet contributions take the form,

ds̃0k,0k0

dt

�
�
�
�
inter

= GLs̃1k+ 1/ 2,1k0+ 1/ 2 + GRs̃1k� 1/ 2,1k0� 1/ 2

� GDks̃0k,0k0,
(2.73a)

ds̃1k+ 1/ 2,1k0+ 1/ 2

dt

�
�
�
�
inter

= � (GL + GR + GDk) s̃1k+ 1/ 2,1k0+ 1/ 2, (2.73b)

ds̃0k,1k0+ 1/ 2

dt

�
�
�
�
inter

= �
�

GL + GR

2
+ GDk

�
s̃0k,1k0+ 1/ 2, (2.73c)

ds̃1k+ 1/ 2,0k0

dt

�
�
�
�
inter

= �
�

GL + GR

2
+ GDk

�
s̃1k+ 1/ 2,0k0, (2.73d)

where we have assumed kBT � peV, and the dephasing rate is given
by,

GDk =
SV (0)

2h̄2 Dk2, (2.74)

with Dk = k1 � k2 for s̃ik1,jk2. The transition rates at the centre of the
resonance4 are given by,

GL =

 
J

4peV( p)
res

! 2
SV (wp)

h̄2 , (2.75)

GR =

 
J

4(p + 1)eV( p)
res

! 2
SV (wp+ 1)

h̄2 , (2.76)

with wp = 2peV( p)
res /¯h. For the p = 0 case, there is only one decay

channel linking different doublets, and the associated ene rgy differ-
ence is 2eV. Thus, provided 2 eV � kBT, DE0, the same set of inter-
doublet terms is obtained, but with GL = 0.

To calculate the terms in the master equation describing the intra-
doublet transitions, we need to use the full eigenstates of t he sys-
tem (Eqn. (2.67)), and take account of the effects of the Jp terms in
the Hamiltonian. The energy differences between the states within a
doublet can be much smaller than those between the doublets, and so,
in this case, we include the effects of a �nite temperature by k eeping

4 All of our calculations are performed in the vicinity of the r esonances and so we

generally evaluate GL,R using the resonance value for the voltage, V = V ( p)
res , as

within the range of voltages over which the doublet picture i s valid these quantities
are typically very slowly varying.
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the �nite temperature part of the voltage �uctuation spectru m in Eqn.
(2.63). This leads to the intra-doublet equations,

ds̃ak,ak

dt

�
�
�
�
intra

= gbas̃bk,bk � gabs̃ak,ak, (2.77a)

ds̃bk,bk

dt

�
�
�
�
intra

= gabs̃ak,ak � gbas̃bk,bk, (2.77b)

ds̃ak,bk

dt

�
�
�
�
intra

= �
�

gab+ gba

2

�
s̃ak,bk, (2.77c)

ds̃bk,ak

dt

�
�
�
�
intra

= �
�

gab+ gba

2

�
s̃bk,ak, (2.77d)

where g ij gives the transition rate between the states, ji, ki and j j, ki ,
within the k-th doublet. These have the form,

g ij =
�

2p + 1
2

� 2

c2s2 SV (wij )

h̄2 , (2.78)

where s = sin a, c = cosa and wab = � wba = � 2DE0/¯h.
Finally, we transform the inter-doublet contributions, Eq n. (2.73),

into the eigenstate basis, and combine them with the intra-d oublet
terms, Eqn. (2.77), to obtain the full master equations of the system.
For suf�ciently weak dissipation, GL(R) � j wabj, it is possible to sim-
plify the master equation signi�cantly by making a further ro tating
wave approximation (RWA). In this approximation, we only ke ep
terms which couple a population to a population or terms whic h
couple a coherence to another coherence with the same energyspac-
ing [ 69]. After this approximation the master equation takes the fo rm,

ds̃ak,ak0

dt
= Gp

aas̃ak1,ak0
1
+ Gp

bas̃bk1,bk0
1

+ Gp+ 1
aa s̃ak2,ak0

2
+ Gp+ 1

ba s̃bk2,bk0
2
+ gDk

bas̃bk,bk0

� (Gp
ab+ Gp

aa+ Gp+ 1
ab + Gp+ 1

aa + gDk
ab + GDk) s̃ak,ak0, (2.79a)

ds̃bk,bk0

dt
= Gp

abs̃ak1,ak0
1
+ Gp

bbs̃bk1,bk0
1

+ Gp+ 1
ab s̃ak2,ak0

2
+ Gp+ 1

bb s̃bk2,bk0
2
+ gDk

abs̃ak,ak0

� (Gp
ba+ Gp

bb+ Gp+ 1
ba + Gp+ 1

bb + gDk
ba + GDk) s̃bk,bk0, (2.79b)

ds̃ak,bk0

dt
= �

 
Gp

aa+ Gp
bb

2

!

s̃ak1,bk0
1
�

 
Gp+ 1

aa + Gp+ 1
bb

2

!

s̃ak2,bk0
2

�
�

GL + GR

2
+ gDk

coh + GDk

�
s̃ak,bk0, (2.79c)
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where k1 = k � p, k2 = k � p � 1 and Gp
ij are the transition rates

between the statesji, k + pi ! j j, ki , which are given by,

Gp
aa = Gp

bb = GLc2s2, (2.80a)

Gp+ 1
aa = Gp+ 1

bb = GRc2s2, (2.80b)

Gp
ba = GLc4, (2.80c)

Gp+ 1
ba = GRc4, (2.80d)

Gp
ab = GLs4, (2.80e)

Gp+ 1
ab = GRs4. (2.80f)

We have also de�ned,

gDk
ij =

8
<

:

g ij Dk = 0,
�

2p+ 1
2

� 2 SV (0)
h̄2 c2s2 Dk 6= 0,

(2.81)

gDk
coh =

8
<

:

gab+ gba
2 Dk = 0,

h�
2p+ 1

2

�
(c4 + s4) + Dkcos 2a

i �
2p+ 1

2

�
SV (0)

h̄2 Dk 6= 0.

(2.82)

For the RWA to be valid, the incoherent decay rates must be much
smaller than the Bohr frequency associated with the doublet s, which,
for p � 1, results in the condition GL � 2jJpj/¯h (since GL is the largest
decay rate). From Eqs. (2.65) and (2.75), we �nd that, ¯hGL/ jJpj µ

(R/ RQ)(eV( p)
res / J)2p� 1. By tuning the gate voltage, V ( p)

res can take on

any value in the range 0 < (2p + 1)eV( p)
res < EC, thus, for a given

value of R, the requirement that the RWA is valid puts a limit (which
becomes stricter as p increases) on the maximum voltage that can
be considered. Our interest here is in the regime where the SSET
charge dynamics are largely coherent, leading to sharp resonances in
the current, and hence we naturally focus on the regime where the
RWA is valid. Since these conditions can only be met in practi ce [66,
63, 65] for the lower values of p, we will concentrate on the p = 0, 1
resonances.

The master equations bear a strong resemblance to those which
describe the radiative cascade of quantum optics [69]. In the radiative
cascade, a laser �eld drives a two-level atom, and when the �eld is
treated quantum mechanically, the eigenstates of the system are atom-
�eld hybrids (dressed states). Decay processes lead to a cascade in
which photons are emitted, and the laser state moves progressively
towards lower photon numbers. Analogously, in the SSET, the states
f ja, ki , jb, ki g are like the atom-laser dressed states, with the island
charge states playing the role of the atom, and k like the state of the
laser. In this case, decay processes generate a cascade, in which the
system evolves towards states of ever increasingk.
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2.5.2.3 Effective two-level system

Although the full master equation for the SSET is rather comp licated,
it is possible to derive a much simpler set by tracing over the charges
that have passed through the SSET. We de�ne the full set of redu ced
coherences,

r q
ij (t) = å

k

hi, k + qj s(t) j j, ki , (2.83)

and, carrying out the trace over k, we obtain a much simpler matrix
equation,

djr qii
dt

= ( 2iqeV+ M q)jr qii , (2.84)

where jr qii = ( r q
aa, r q

bb, r q
ab, r q

ba)
T. Within the RWA the form of the

evolution matrix, M q, is given by,

M q =

0

B
B
B
B
@

� (Gq + Gq
a) Gq

b 0 0

Gq
a � (Gq + Gq

b) 0 0

0 0 � ( iwab+ Gq
coh)

0 0 0 � (� iwab+ Gq
coh)

1

C
C
C
C
A

,

(2.85)

where Gq = GDk= q and the other rates are given by,

Gq
a = ( GL + GR) cos4 a + gq

ba, (2.86)

Gq
b = ( GL + GR) sin4 a + gq

ab, (2.87)

Gq
coh =

(GL + GR)(1 + 2c2s2)
2

+ gq
coh + Gq. (2.88)

By taking q = 0, we obtain the equation which describes the evolution
of the island charge. This is equivalent to the evolution mat rices
presented earlier for the JQP and DJQP. The resulting masterequation
describes a two-level system (TLS) which is both driven and d amped.

The full density operator, s, does not have a steady state, the sys-
tem cascades to increasing values ofk, as charge tunnels though the
transistor. The reduced equations derived above, however, do have a
well de�ned steady state. All of the reduced coherences, wher e q 6= 0,

are zero in the steady state, r q6= 0
ij = 0. The q = 0 case has the steady

state: r aa(bb) = Gb(a) / (Ga + Gb), and r ab = 0. Note that here, and in
what follows we drop the superscripts on r and Gfor the case q = 0.

2.5.3 Average current

We now go on to calculate the steady state average current,hI i , through
the transistor. The current is determined by the rate of chan ge of the
number of Cooper-pairs which have crossed the device,

hI i = 2e
dĥk0i

dt
= 2eTr[k̂0�s ]. (2.89)
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Figure 2.10.: Current-voltage characteristics of the SSET in the vicinity of (a)
the p = 0 resonance (b) the p = 1 resonance. The current is
scaled by I0 = e(GL + GR) in each case. The values of the other
parameters are given in the text. In (a) we also show in the
dashed, red line the current calculated using the full volta ge
dependence of the decay rateGR and the Hamiltonian.

We calculate only the dominant term, which comes from the low est
order part of the k̂0expansion, k̂(0) = k̂, as the next lowest order contri-
bution (from k̂(1) ) vanishes and we neglect higher order contributions.
In this basis, the density matrix is diagonal, and so we do not need
to eliminate the coherences as we did for the DJQP. We can ignore
the contributions from the intra-doublet rates, since thes e are in ther-
mal equilibrium, and do not give any contribution to the aver age dc
current. This means that, in terms of the inter-doublet rate s, we have,

hI i = 2e
�
p

�
(Gp

aa+ Gp
ab)r aa+ ( Gp

bb+ Gp
ba)r bb

�

+( p + 1)
h
(Gp+ 1

aa + Gp+ 1
ab )r aa+ ( Gp+ 1

bb + Gp+ 1
ba )r bb

i�
, (2.90)

which can be more compactly written by transforming the deca ys to
the charge basis,

hI i = 2e
�
r aas

2 + r bbc
2�

(pGL + ( p + 1)GR) . (2.91)

Within the regime where the RWA is valid, this matches the res ults
obtained previously [ 70, 45, 64] using a rate equation approach and
Fermi's golden rule.

The current near the p = 0 and p = 1 resonances is shown in Fig.
2.10, for the typical parameter values [ 66, 63, 65] EC = 4EJ = 100meV,
T = 30 mK, a resistance for the embedding circuit R = 50W, and we
have set ng = 0.1. The full lines in Fig. 2.10 show the current calcu-
lated with the decay rates, Jp and DE, given by their on-resonance
values. As the p = 0 resonance is very broad (in comparison to the
p = 1 resonance), we have also calculated the current including the
full voltage dependence of the relevant decay rate and the Ha milto-
nian (dashed curve in Fig. 2.10(a)).

The two resonances show rather different characteristics. The cur-
rent around the p = 0 resonance is broad and highly asymmetric.
This is because, in this case, purely dissipative processescan generate
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a dc current for V > Vres (incoherent Cooper-pair tunnelling [ 2]), as
can be seen from the energy level diagram in Fig. 2.9(b). The current
for the p = 1 resonance is much closer to the standard Lorentzian
form of a resonance, the small amount of asymmetry still pres ent
arises from the intra-doublet transitions. For V < Vres, relaxation be-
tween the levels of the doublets (controlled by gab(ba)) hinders current
�ow, whilst for V > Vres it helps it. This leads to a small asymme-
try in the current as a function of voltage which is only remov ed
when the temperature is suf�ciently high such that gab ' gba, and a
Lorentzian shape is recovered.

Extending our calculation to include the regime where the RW A
is no longer valid, we �nd that the current peaks at the resonan ces
become suppressed. This is because, outside of the RWA, the system
is unable to build up the coherence between charge states necessary
for current to �ow. This is consistent with Ref. [ 66], where this effect
was studied in detail.

2.6 summary

In this chapter, we have described the main transport mechan isms
which lead to dc current, in both the normal and superconduct ing
SET. For the normal SET, we saw that it was enough to use a classical
master equation description to give access to the full dynam ics. For
the SSET, we needed to develop a full quantum description, in clud-
ing both the coherent Hamiltonian evolution, as well as envi ronment
induced dissipation. The dominant environment is differen t for the
different current carrying processes, for the JQP and DJQP quasipar-
ticles are present and generate dissipation and decoherence, for the
CPRs dissipation is induced by �uctuations in applied volta ge source
due to impedances in the circuit.

In the following chapters, we will show how the master equati ons
we have just described can be used to investigate the �uctuat ions
in both the charge on the SSET island and the current through t he
transistor.
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Part I I.

Quantum Noise
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3
C H A R G E N O I S E

A s we have seen in the previous chapter , quantities such as the
average current through the SSET, or the average charge on the

island, do not give any insights into the quantum mechanics o f the
transport. Effective classical tunnelling models are enou gh to give
results, and the Cooper-pair transport can be modelled as a classical
stochastic process. In this chapter and the next, we will consider the
quantum noise spectra[71, 3] of the SSET, and show how information
contained in the noise can give more information about the un der-
lying quantum mechanics of the transport. This chapter focu ses on
the noise in the charge on the SSET island, in the following chapter
we will look at the noise in the current travelling through th e SSET.
We will show how these quantities can give de�nite signatures of the
quantum mechanical nature of the dynamics. We will also desc ribe
the quantum mechanical nature of the processes used to observe such
quantities.

In Sec. 3.1 we outline exactly what we mean by quantum noise
and describe how quantum noise differs from classical noise . Then in
Sec.3.2 we show one way of experimentally accessing the quantum
noise, by coupling the system of interest to a harmonic oscil lator. We
return to the SSET in Sec.3.3, and discuss possible systems which
can be used to measure both the island charge and current noise.
The remainder of the chapter focuses on charge noise. In Sec.3.4,
we begin by giving an outline of the technique which we use for
calculating the charge noise. This is followed in Secs. 3.5 and 3.6 by
reviews of previous calculations of the charge for the SSET close to
the JQP and DJQP resonances. Finally, in Sec.3.7, we give a new
calculation of the noise close to the Cooper-pair resonances, discuss
how this differs from the other resonances, and analyse the back-
action when an oscillator is coupled to the SSET.

3.1 quantum noise

A fundamental part of the study of noisy classical processes involves
the calculation of two-time correlation functions of some o bservable
F, hF(t)F(0) i [3]. These quantities allow us access to information
about the nature of the �uctuations which are not available f rom just
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the steady state mean dynamics hFi . An equivalent way of looking
at these two-time correlation functions is through their Fo urier trans-
form, the noise spectral density, de�ned as,

Sclas
F (w) =

Z ¥

� ¥
eiwthdF(t)dF(0) i dt, (3.1)

where the average is taken over the stationary state probability distri-
bution, and dF = F � h Fi quanti�es �uctuations away from the mean.
For a classicalquantity F, hdF(t)dF(0) i = hdF(0)dF(t)i : the order
we do the measurements in doesn't matter, furthermore hdF(t)dF(0) i
must be a real quantity [ 72]. This then allows us to write the spectral
density as,

Sclas
F (w) =

Z ¥

0
2 coswthdF(t)dF(0) i dt, (3.2)

which is symmetricin frequency, Sclas
F (w) = Sclas

F (� w) [3].
Similarly, the study of quantum noiseis concerned with the two time

correlation functions of quantum mechanical operators, hF̂(t) F̂(0)i . It
is again convenient to work with the quantum noise spectral density,
which is de�ned in an analogous way to the classical quantity [ 71, 3],

SF(w) =
Z ¥

� ¥
eiwthdF̂(t)dF̂(0) i dt, (3.3)

where the average is now taken over the stationary density ma trix,
and we have de�ned the operator, dF̂ = F̂ � h F̂i . Since F̂(t) and
F̂(0) do not necessarily commute, we have, hF̂(t) F̂(0) i 6= hF̂(0) F̂(t)i .
In fact, the situation is complicated even further: the prod uct of
two Hermitian operators is, in general, no longer Hermitian , and
so hF̂(t) F̂(0)i can be complex, and therefore is unobservable[3]. The
spectral density, however, is real. As long as the average is taken
in the stationary state, we may write, for some Hermitian Ham ilto-
nian, H, which describes the full unitary evolution of the system an d
environment,

hF̂(t) F̂(0)i = Tr[eiHt F̂e� iHt F̂r ] = Tr[F̂e� iHt F̂eiHt r ] = hF̂(0) F̂(t) i � .

(3.4)

Here we have used the cyclic property of the trace [ 71],

Tr[ABC] = Tr[CAB] = Tr[BCA], (3.5)

and the fact that, in the steady state, [r , H ] = 0, along with the as-
sumption that our observable F = F† is Hermitian. This allows us to
write the noise spectrum as,

SF(w) = 2Re
Z ¥

0
eiwthdF̂(t)dF̂(0)i dt, (3.6)
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which is real and so, in principle, can be observed, but the qu antum
noise spectrum is not symmetric in frequency. Measurement of an
asymmetric noise spectrum is a signature of quantum dynamic s [3].

As a simple example of the difference between quantum and cla s-
sical noise, consider the position noise spectrum of a harmonic oscil-
lator in thermal equilibrium with an external bath [ 3],

Sx(w) = 2Re
Z ¥

0
eiwthdx̂(t)dx̂(0)i dt. (3.7)

The two time correlation function can be calculated as,

hx̂(t) x̂(0)i = hx̂(0) x̂(0) i cosw0t + hp̂(0) x̂(0)i
sin w0t

w0
, (3.8)

where w0 is the frequency of the oscillator and p̂ is the operator for
the oscillator's momentum. We use units with ¯ h = M = 1, with
M the mass of the oscillator. We have changed to using x̂ instead
of dx̂, since in thermal equilibrium, hx̂i = 0. In the classical limit,
hp̂x̂i = 0, since the position and velocity of a thermal oscillator ar e
uncorrelated. In the quantum case, since x̂ and p̂ do not commute,
we �nd [ 3], hp̂(0) x̂(0) i = � i /2. Using this, and the fact that the
stationary state of a harmonic oscillator in thermal equili brium at
temperature T, is given by the Bose distribution, nB(w0), we �nd that
the two-time correlation function is,

hx̂(t) x̂(0)i =
1

2w0

h
nB(w0)eiw0t + ( nB(w0) + 1)e� iw0t

i
, (3.9)

which gives the noise spectrum,

Sx(w) =
p
w0

[nB(w0)d(w + w0) + ( nB(w0) + 1)d(w � w0)] . (3.10)

This expression is asymmetric at low temperatures, T � w0, and
becomes symmetric in the high temperature limit, where nB(w0) �
nB(w0) + 1. Thus, as expected, it is only necessary to use a quantum
mechanical description when T � w0 for a harmonic oscillator [ 3].

Even though the quantum noise spectrum is real, and so there i s no
formal reason why it should not be observable, it is not immed iately
obvious how to measure it. It is necessary to �nd a detector whi ch
can distinguish between the noise power at positive and nega tive fre-
quencies. In the following section, we will show how this is p ossible
using an auxiliary quantum system coupled to the device of in terest.

3.2 linear response

In the previous section, we outlined a de�nition of the quantu m noise
spectrum. We showed that the spectrum is real, and so now the o bvi-
ous question to ask is, how do we go about measuring such a quan-
tity? To do this we must couple the system to an external devic e
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Figure 3.1.: Schematic representation of the system-oscillator coupling
Hamiltonian, Eqn. ( 3.11).

known as a quantum spectrum analyser[3]; a quantum mechanical sys-
tem which can distinguish between noise at positive and nega tive fre-
quencies. Examples of such systems which have been used in recent
experiments include quantum two level systems [ 73, 74, 3], Josephson
junctions [75, 9] and quantum harmonic oscillators [ 76, 10, 8, 3].

In this section, we will give an overview of a calculation sho wing
how a quantum harmonic oscillator can be used as a quantum spec-
trum analyser, closely following the approach outlined in R ef. [3].
The harmonic oscillator will be the most relevant example wh en we
return to consider the SSET in the remainder of the chapter, since
the noise has been measured in this way in a number of experi-
ments [10, 8]. The calculation for a two-level system follows along
similar lines [ 3].

We examine the behaviour of a harmonic oscillator weakly cou pled
to an operator in our system, the set-up is shown schematical ly in
Fig. 3.1. To calculate the dynamics we use the ideas of linear response
theory[77, 3]. We consider the case of linear coupling between the
system operator F̂ and the position of the oscillator, which gives the
coupling Hamiltonian the form,

Hint = AF̂x̂, (3.11)

where x̂ = â+ â† is the dimensionless position operator for the oscil-
lator and A is the coupling strength. In the weak coupling limit we
may use perturbation theory to obtain expressions for the tr ansition
rates between eigenstates of the harmonic oscillator, induced by the
interaction with the system, by using Fermi's golden rule. T hese are
given by [ 3],

Gn! n+ 1 = A2(n + 1)SF(� w0) = ( n + 1)G" , (3.12)

Gn! n� 1 = A2nSF(w0) = nG#, (3.13)

where Gi! j is the transition rate between the Fock states, ji i and j j i ,
of the oscillator, w0 is the frequency of the oscillator, and SF(w) is the
quantum noise spectrum of the system. We have de�ned the rates ,
G" = A2SF(� w0) and G# = A2SF(w0), for compactness.

We see from these expressions that �uctuations in the system op-
erator F̂ at the frequency of the oscillator cause transitions between
eigenstates. We also see that the rates to go up an energy level and to
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drop down an energy level are proportional to the noise at neg ative
and positive frequencies respectively, and so we begin to see how the
dynamics of the oscillator can measure the quantum noise.

To proceed, we use these rates to construct a simple master equa-
tion for the probability that the oscillator is in state jni ,

�P(n) = nG" P(n � 1) + ( n + 1)G#P(n + 1)

� (nG# + ( n + 1)G" )P(n), (3.14)

which then has the stationary state distribution,

Pst(n) = exp
�

�
nw0

TBA(w0)

� �
1 � exp

�
�

w0

TBA(w0)

�� � 1

. (3.15)

We can map this onto the distribution which would be measured
in an oscillator in thermal equilibrium, as long as we identi fy the
(frequency dependent) effective temperature due to the back-actionof
the system on the oscillator as,

TBA(w) =
w

ln
�

SF(w)
SF(� w)

� . (3.16)

This can equally be written as an effective Bose occupation number
for the oscillator,

nBA(w) =
1

exp
�

w
TBA(w)

�
� 1

=
�

SF(w)
SF(� w)

� 1
� � 1

. (3.17)

The back-action arises because of the coupling between the system
and the oscillator. This means that the dynamics of the system have
an effect on the oscillator, in principle we also expect the d ynamics of
the oscillator to effect the system, but as we only consider t he lowest
order contributions, this effect is ignored within the line ar response
formalism [ 77, 3].

More information can be gained by looking at how the oscillato r
reaches this steady state. We can write an equation for the average
energy of the oscillator,

hEi =
¥

å
0

w0

�
n +

1
2

�
P(n), (3.18)

which is given by,

h �Ei = gBA(w0)
�

w0

�
nBA +

1
2

�
� h Ei

�
(3.19)

where the effective damping rate is given by the asymmetric p art of
the noise,

gBA(w) = A2(SF(w) � SF(� w)) . (3.20)
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We note that the energy equation (3.19) has the expected stationary
solution for a harmonic oscillator with an average of nBA quanta,
hEi = w0 (nBA + 1/2 ).

If the oscillator is also in contact with another thermal bat h which
forms the rest of its environment (excluding the coupled sys tem),
then these results can be generalised [78, 79, 80]. If the external en-
vironment can be characterised by a thermal occupation numb er next

and a damping rate gext, then the total effective damping and occu-
pation number of the oscillator are found to be,

geff = gBA + gext, (3.21)

neff =
gBAnBA + gextnext

gBA + gext
. (3.22)

We see from these that, if the back-action damping is positiv e and
the back-action temperature is smaller than the external tempera-
ture nBA < next, then the system can be used to cool the oscilla-
tor to temperatures lower than its thermal environment [ 15, 57, 10].
The effective damping can also become negativeif the noise satis�es
SF(w) < SF(� w), this can lead to instabilities in which the oscilla-
tor undergoes self-sustained oscillations [15, 46] (we will not consider
this behaviour in detail here).

The effective damping rate and temperature of the oscillato r are
linearly independent quantities, and thus, if both can be me asured,
the noise spectrum at � w0 can be constructed. Hence, a harmonic
oscillator can be used to measure the quantum noise spectrum at its
natural frequency [ 8, 3].

3.3 noise in the sset

We return now to think about the SSET. Recent experiments have
probed the dynamics of SSET-resonator systems in which the res-
onator is coupled to either the island charge [ 10] or the current [ 8]
of the SSET. The charge noise, with F̂ = n̂, can be probed by cou-
pling a nanomechanical beam to the gate of the SSET, the position
of the beam then changes the gate capacitance, affecting thecharge
on the island. The coupling Hamiltonian is then as in Eqn. ( 3.11),
with the system operator being the island charge. It is also p ossible
to probe the noise in the current through the SSET [8]. In this type
of experiment a harmonic oscillator, made from an LC circuit , is cou-
pled directly into the current travelling through one of the leads of
the SSET, this then creates a coupling Hamiltonian as in Eqn. (3.11),
but now the relevant operator is, F̂ = Î , the current through the SSET.

The charge noise is the simplest of these quantities to analyse. The
dynamics of n̂ is entirely contained within the evolution of the sim-
ple reduced density operator, r (when the counting variable, NL, has
been traced out, see Sec.2.3), and so it is a system operator, with re-
spect to this simple master equation. This fact allows us to u se the
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quantum regression theorem(detailed in the following section) to calcu-
late the noise. The current noise is a more complex quantity, since
the current is not represented by a system operator, and more com-
plex techniques need to be developed, we will describe these fully in
chapter 4.

3.4 calculating the charge noise - the quantum regres -
sion theorem

We have seen in the previous chapter how the dynamics of open
quantum systems can be described by a master equation within the
Born-Markov approximations. In general, this allows us to wr ite the
evolution of the density operator as,

djs ii
dt

= Lj s ii , (3.23)

where L is a superoperator which fully describes both the coherent
and incoherent dynamics of the system. In this section we wil l show
it is possible to calculate the charge noise spectra of the SSET from
an equation of this form. To do this, we need to develop a techn ique
for calculating the two-time correlation functions. A conv enient basis
for the Hilbert space of the SSET, as seen in the previous chapter, is
fj n, NL ig , where NL counts the number of charges in the left-hand
reservoir, and n is the excess island charge.

Since the charge noise does not depend on the counting variable,
NL, we can simply trace it out to obtain a �nite equation of motion as
in the previous chapter. We de�ne,

r = TrNL [s], (3.24)

which then has the equation of motion in Liouville space,

djr ii
dt

= Mj r ii . (3.25)

We now go on to show how this equation of motion can be used to
calculate the charge noise spectrum,

Sn(w) =
Z ¥

� ¥
eiwthdn̂(t)dn̂(0) i dt. (3.26)

To be able to calculate the spectrum, it is simplest to start by calculat-
ing hn̂(t)n̂(0)i , and simply subtract the average part, hn̂(0)i 2, at the
end. To do this we use the quantum regression theorem[81, 82], this
states that, for a Markovian master equation, a two-time corr elation
function has the same evolution equation as the mean value and so
can be written, for the system operator F̂ [83, 71] as,

hF̂(t) F̂(0) i = Tr[F̂eM t F̂r st], (3.27)
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where t > 0. From this, we can write the correlation function of the
island charge in Liouville space,

hn̂(t)n̂(0) i = hh0j �neM t �nj0ii . (3.28)

where we use �n to differentiate the Liouville space superoperator
from the Hilbert space operator, n̂. We have also introduced the row
vector, hh0j, which is the left eigenvector of M with eigenvalue 0. This
corresponds to the trace operation in Hilbert space, i.e. hh0j is a vector
which has 1 in elements which corresponding to diagonal elem ents
of the density matrix, and zero for coherences, this then ensures that
hh0jr ii = 1 for all valid density matrices, jr ii .

The time evolution operator is only de�ned for t > 0, and so, to
�nd the negative time part required in the de�nition of the nois e
spectrum, we use the relation, hn̂(0)n̂(t) i = hn̂(t)n̂(0)i � (discussed
in Sec. 3.1). We can calculate the exponential in the evolution by
introducing the set of left and right eigenvectors which dia gonalise
M , de�ned by,

Mj l i ii = l i j l i ii , hhl i jM = hhl i j l i , (3.29)

this then lets us write the exponential,

eM t = å
i

el i t j l i iihhl i j, (3.30)

where we have assumed the set of eigenvectors,fj l i iig , form an or-
thonormal basis and we have neglected the possibility of deg eneracy.
These results together allow us to Fourier transform Eqn. 3.28 and
�nd an expression for the charge noise,

Sn(w) = � 2 å
i6= 0

Re
�

hh0j �nj l i iihhl i j �nj0ii
iw + l i

�
. (3.31)

We do not include the i = 0 term in the sum which corresponds to
the eigenvector j0ii . It is given by,

Re
�

hh0j �nj0iihh0j �nj0ii
iw

�
, (3.32)

and so this is the d(w) contribution of hn̂i 2 which is subtracted from
the de�nition of the noise in Eqn. ( 3.3).

In the remainder of this chapter, we present a series of calculations
of this charge noise spectrum for the various resonances in the SSET
introduced in chapter 2. We begin by looking at the JQP and DJQP,
the charge noise at these resonances has been previously calculated
using slightly different methods [ 4, 14, 57, 15] and so we give a review
of the results and do not discuss in detail the effects of the n oise on
an oscillator. However, the results for the Cooper-pair res onances are
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new and so we give much more detail. We also give a full analysi s of
the behaviour of an oscillator in the linear response regime ; we give
explicit calculations of the damping and effective tempera ture of the
oscillator for two very different frequency regimes, those typical of
a nanomechanical resonator and also an LC oscillator. We choose to
focus on the CPRs, since the transport at these resonances isfully co-
herent: it is entirely due to Cooper-pair oscillations, no q uasiparticles
are involved. This suggests that the CPRs might be a good candidate
for a very low noise process which could cool an oscillator to temper-
atures lower than those found by coupling to the JQP or DJQP [ 15].

3.5 josephson quasiparticle resonance

We begin by calculating the charge noise spectrum for the SSET close
to the JQP resonance, the Born-Markov model for this system was
outlined in Sec. 2.3. To calculate the charge noise, we need the terms
which make up Eqn. ( 3.31); the full eigenspectrum of the evolution
matrix, along with the superoperator for the charge. To �nd th e �n
superoperator we need to �nd a representation of the Hilbert s pace
operator, n̂, in Liouville space. We know that n̂ acts as,

n̂r =

0

B
B
@

0 0 0

0 1 0

0 0 2

1

C
C
A

0

B
B
@

r 00 0 r 20

0 r 11 0

r 02 0 r 22

1

C
C
A =

0

B
B
@

0 0 2r 20

0 r 11 0

0 0 2r 22

1

C
C
A . (3.33)

We then wish to �nd the superoperator which acts in the same way as
this, i.e. we need to �nd the superoperator �n, such that �njr ii gives the
same result as Eqn. (3.33) in the basis jr ii = ( r 00, r 11, r 22, r 02, r 20)T

de�ned in Sec. 2.3. The �n superoperator is therefore given by the
diagonal Liouville space matrix,

�n = diag[0, 1, 2, 0, 2]. (3.34)

Diagonalising the 5 � 5 matrix, M , for the JQP (Eqn. (2.41)) is ana-
lytically quite complicated, and so we turn to exact numeric al diago-
nalisation, except for a few limits where the analytic resul t is simple
enough to be informative.

3.5.1 Zero frequency spectrum

We begin by examining the noise at w = 0. This represents the aver-
age of the �uctuations over time since it is given by

Sn(0) =
Z ¥

� ¥
hdn̂(t)dn̂(0)i dt (3.35)

and so gives information about the overall nature of the �uct uations.
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Figure 3.2.: Zero frequency charge noise Sn(0) as a function of EJ/ Gfor var-
ious detunings, close to the JQP resonance. The solid, blackline
is d = 0, the dashed, red line is d = Gand the dotted, blue line
is d = 2G.

We show results for the dimensionless zero frequency charge noise,
GSn(0), in Fig. 3.2, where we show the variation as a function of EJ/ G,
for various detunings d. We see in the two extreme limits, EJ/ G � 1,
and EJ/ G � 1, the noise vanishes. In the EJ/ G � 1 limit, this is
because the system is always stuck in the n = 0 island state, with
very rapid incoherent transitions taking the system instan tly through
the statesn = 2 and n = 1, this means that the island charge does not
�uctuate. In the opposite limit, EJ/ G � 1, the system has two states
in which it spends a large amount of time: the rapid Cooper-pa ir
oscillations mean the system is in a state jni µ j0i + j2i , an infrequent
quasiparticle decay can then take the system to the de�nite is land
state n = 1. Both of these states have the same expectation value
of island charge hn̂i , and so �uctuations between them do not cause
noise in n, hence the zero frequency noise again vanishes. Between
these limits, where EJ � G, the noise shows a maximum at the point
where the island charge �uctuates rapidly. Detuning the Coo per-pair
resonance by choosingd 6= 0 smears out the charge noise pro�le, the
maximum noise is reduced. These results agree with those calculated
elsewhere [4, 15].

3.5.2 Finite frequency noise

We can also evaluate the noise at frequencies away from zero. We
show results in both the coherent ( EJ � G) and incoherent (G � EJ)
transport limits in Figs. 3.3 (a) and (b) respectively. We begin by dis-
cussing the coherent limit. In this case, the picture to have in mind of
the dynamics is that a large number of Josephson oscillations occur
between infrequent quasiparticle events. After the �rst qua siparti-
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Figure 3.3.: Charge noise spectrum near the JQP. In (a) we show the coherent
limit where EJ = 5G, the parameters ared = 0 (solid, black line),
d = G(dashed, red line) and d = � G (dotted, blue line). In (b)
we show the incoherent spectrum, EJ = 0.1G, the parameters
are d = 0 (solid, black line), d = 0.5G (dashed, red line) and
d = � 0.5G(dotted, blue line).

cle tunnels off the island we have to wait a long time, stuck in the
island state n = 1, until another quasiparticle tunnels off and the
Cooper-pair oscillations can start again. The large amount of coher-
ent oscillations lead to correlations in the charge state of the island
at the oscillation frequency which give the large spectral p eaks seen
in Fig. 3.3 (a). In the small detuning limit, d � G, the heights of the
peaks are given by,

GSn(� EJ) =
4
3

�
1 �

2d
EJ

�
, (3.36)

we see that detuning from resonance introduces asymmetry to the
heights of the peaks as shown in the �gure. When the detuning is
positive, d > 0, resonant oscillation requires the emission of energy
to the environment, and so the negative frequency peak is enhanced.
The converse is true for d < 0, enhancing the positive frequency peak.
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The asymmetry in Sn(w) leads to a non-zero value for the damping
of an oscillator weakly coupled to the island charge, as we can see
from the results of Sec. 3.2 and, in particular, Eqn. ( 3.20) [15]. When
the positive frequency peak is larger, the damping is positi ve and
the SSET cools the oscillator [10]. When the negative peak is larger
the damping is negative and the SSET pumps energy into the oscil-
lator [ 46, 47]. The physics behind this process is very similar to that
used in sideband cooling of trapped ions in which the absorpt ion
spectra of the ions shows very similar asymmetries [ 84].

In the incoherent limit, there is a different picture of the d ynamics,
in this case a very slow Josephson oscillation is immediately inter-
rupted by two fast quasiparticle decays, which take the syst em back
to the initial island charge state n = 0. This means that we now do
not see side-peaks in the spectrum since there are no correlations at
the frequency of the Cooper-pair oscillations. We only see i ncoherent
correlations which occur around w = 0. Detuning the system still
introduces an asymmetry, as this moves the maximum in the noi se to
w � � d.

The evolution between these two regimes can be seen in Fig. 3.4,
where we show the frequency dependent noise as a function of EJ/ G
for both the on resonance system, (a), and when the system is de-
tuned from resonance, (b). We see that the single incoherentpeak at
small EJ/ Gsplits into two resonant peaks as the Cooper-pair oscilla-
tion frequency is increased above G. When the detuning is non-zero,
the symmetry of the spectrum disappears, and the negative fr equency
peak dominates the spectrum, as explained above. In the incoherent
limit, the negative frequency peak is the only one present, t he pos-
itive frequency peak only starts to appear at larger values o f EJ/ G,
when the coherent oscillations have a signi�cant effect.

3.6 double josephson quasiparticle resonance

We now go on to present results for the charge noise near the DJQP
resonance, using the model described in detail in Sec.2.4. The charge
noise is calculated in exactly the same way as for the JQP, but now
the time evolution is given by the 8 � 8 matrix from Eqn. ( 2.54), and
the superoperator for the island charge is given by,

�n = diag[0, 2, 0, 2,� 1, 1,� 1, 1], (3.37)

where the basis for the density matrix in Liouville space is jr ii =
(r 00, r 22, r 02, r 20, r � 1� 1, r 11, r � 11, r 1� 1)T, as in Sec.2.4. Using these re-
sults, and the general expression, Eqn. (3.31), we are able to �nd the
charge noise spectrum. Again, analytic diagonalisation is complex,
except for a few speci�c limits where the results are simple en ough
to be useful. So we mostly use numerical techniques to �nd the e igen-
vectors of M .
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Figure 3.4.: Frequency dependent charge noise spectrum near the JQP asa
function of EJ/ Gfor (a) d = 0 and (b) d = G.

3.6.1 Zero frequency

We again start by examining the �uctuations at w = 0. The results
for this quantity are shown in Fig. 3.5 for various values of detuning.
We can �nd an analytic expression for the noise in this limit, a nd for
zero detuning, we �nd,

GSn(0) =
1
2

 

1 +
G4 + 4G2E2

J

2G2E2
J + 4E4

J

!

. (3.38)

In the limit EJ � G, which is considered in Ref. [ 14], we obtain con-
sistent results. At dL = dR = 0, the noise is a decreasing function of
EJ/ G, which diverges at EJ ! 0, and has the limit GSn(0) ! 1/2 for
large EJ/ G.

The behaviour is different to that found for the JQP in Fig. 3.2, the
noise does not vanish in the extreme limits of EJ/ G ! 0,¥ . In the
limit EJ/ G � 1, the dynamics are well modelled by the incoherent
model presented in Sec.2.4.2. There is a slow Cooper-pair transition
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Figure 3.5.: Zero frequency charge noiseSn(0) as a function of EJ/ Gfor vari-
ous detunings close to the DJQP resonance. The solid, black line
is dL = 0, the dashed, red line is dL = Gand the dotted, blue line
is dL = 2G. All results are at dR = 0.

from state n = 0 to n = 2, at a rate g = E2
J/ G, followed by an instant

quasiparticle decay to state n = 1. There is then another slow Cooper-
pair transition to the state n = � 1, and another instant quasiparticle
decay back to n = 0. This means that the system �uctuates between
the island states n = 0 and n = 1, at a switching rate given by g,
which goes to zero in this limit, giving rise to a divergence i n the
noise. In the coherent limit EJ/ G � 1, the Cooper-pair oscillations
build up coherence, as for the JQP, and so the system spends its time
in either the state jni µ j0i + j2i or jni µ j� 1i + j1i which have
different values of hni , and so again �uctuations between these states
cause the noise to be �nite. Detuning from resonance decreases the
noise for all values of EJ/ G, the suppression is maximised when the
timescales for the incoherent and coherent processes match(around
the dip in Fig. 3.5).

3.6.2 Finite frequency

We now go on to consider the �nite frequency noise. We �rst look a t
the spectrum in the coherent transport limit, where EJ � G, shown
in Fig. 3.6 (a). The structure consists of three peaks, one centred at
w = 0 and the others at w = � EJ. The height of the central peak is
approximately 1/2, with only a weak dependence on detuning, the
heights of the side-peaks are given by,

GSn(� EJ) = 4
�

1 �
dL + dR

EJ

�
, (3.39)

where we have assumed small detuning dL, dR � G. The side-peaks
arise in a very similar way to those at the JQP, the island charge is
highly correlated on the timescale of the Cooper-pair oscil lation. De-
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Figure 3.6.: Charge noise spectrum near the DJQP. In (a) we show the coher-
ent limit where EJ = 5G, the parameters are dL + dR = 0 (solid,
black line), dL + dR = G (dashed, red line) and dL + dR = � G
(dotted, blue line). In (b) we show the incoherent spectrum,
EJ = 0.1G, the parameters are dL + dR = 0 (solid, black line),
dL + dR = 0.5G(dashed, red line) and dL + dR = � 0.5G(dotted,
blue line).

tuning the system from resonance again changes the relative heights
of the sidepeaks, if dL + dR > 0 the negative frequency peak is en-
hanced, whereas the converse happens ifdL + dR < 0. As with the
JQP resonance, we can think of this in terms of the SSET's preference
to absorb or emit energy to undergo resonant oscillations. I f the reso-
nances are detuned such that the Cooper-pairs need to absorbenergy
to move between the island and the lead, then the negative fre quency
part of the spectrum is increased; the opposite occurs if the detuning
is such that the Cooper-pairs need to emit energy. The only di ffer-
ence between this and the results for the JQP is that it is now the
sign of dL + dR, which determines the relative heights, since it is the
average preference for absorbing/emitting energy of both j unctions
which matters.
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Figure 3.7.: Charge noise spectrum as a function of frequency and voltage
around the (a) p = 0 and (b) p = 1 Cooper-pair resonances. The
resonances occur at the point where the central peak disappears.

In the incoherent limit the spectrum is very different, the s idepeaks
are suppressed because of the lack of coherence, and we are just left
with a large central peak (the zero frequency noise is much la rger at
low values of EJ/ G). Detuning from resonance still introduces asym-
metry to the spectrum, but this much less pronounced than in t he
coherent case, due to the lack of sidepeaks.

3.7 cooper -pair resonances

We now turn to consider the charge noise properties of the SSET close
to the Cooper-pair resonances. Near the Cooper-pair resonances the
island charge operator is more complicated than for the JQP and
DJQP. The full representation of the operator n̂0 can be written as
a series expansion in terms of powers of the Josephson coupling J (as
we did for k̂0), n̂0 = n̂(0) + n̂(1) + . . ., as described in appendix B. In
the small J/ eV limit for which our model is valid (see Sec. 2.5) the
dominant contribution to the spectrum comes from the zeroth order
terms in the expansion, n̂(0) = n̂, and so we consider these terms
�rst. The higher order terms in n̂0 give rise to weaker features in the
spectrum, which we go on to calculate in Sec. 3.7.2.

51



For the Cooper-pair resonances it is possible to �nd an exact ex-
pression for the charge noise since the eigenbasis evolution matrix
(the q = 0 case of Eqn. (2.85)) is straightforward to exactly diago-
nalise and we are able to �nd the full set of left and right eigen vectors
normailsed such that hhl j l ii = 1,

j0ii =
1

Gpop

0

B
B
B
B
@

Gb

Ga

0

0

1

C
C
C
C
A

, hh0j = ( 1, 1, 0, 0), (3.40)

j� (Gpop ii =
1
2

0

B
B
B
B
@

1

� 1

0

0

1

C
C
C
C
A

, hh� Gpop j =
2

Gpop
(Ga, � Gb, 0, 0), (3.41)

j� iwab � Gcohii =

0

B
B
B
B
@

0

0

1

0

1

C
C
C
C
A

, hh� iwab � Gcohj = ( 0, 0, 1, 0), (3.42)

jiwab � Gcohii =

0

B
B
B
B
@

0

0

0

1

1

C
C
C
C
A

, hhiwab � Gcohj = ( 0, 0, 0, 1), (3.43)

where Gpop = Ga + Gb.
We also need the superoperator representation of the charge oper-

ator. This can be found by noting that the charge operator in H ilbert
space is given by,

n̂r =

 
naa nab

nba nbb

!  
r aa r ab

r ba r bb

!

, (3.44)

where we note that in the eigenstate basis the charge operator is not
diagonal as it was for the JQP and DJQP. We can then construct the
Liouville space representation

�n =

0

B
B
B
B
@

naa 0 0 nab

0 nbb nba 0

0 nab naa 0

nba 0 0 nbb

1

C
C
C
C
A

, (3.45)
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where we use the basis jr ii = ( r aa, r bb, r ab, r ba)T, as in Sec.2.5. This
superoperator is then used to construct the charge noise spectrum
using Eqn. (3.31),

Sn(w) = 2r aar bb(naa � nbb)
2 Gpop

w2 + G2
pop

+ 2n2
ab

 
r bbGcoh

(w � wab)2 + G2
coh

+
r aaGcoh

(w � wba)2 + G2
coh

!

. (3.46)

Examples of the spectrum as a function of frequency and volta ge
around the p = 0 and p = 1 resonances are shown in Fig.3.7. In both
cases the spectrum consists of three Lorentzians and has a similar gen-
eral form to that seen at the JQP and DJQP resonances. This triplet
structure is exactly what is expected for a coherent TLS in th e pres-
ence of dissipation [69, 80] and is very similar to the Mollow triplet
observed in the resonance �uorescence cascade [69]. The central peak
around zero frequency arises due to incoherent �uctuations between
eigenstates, its height is determined by jnaa � nbbj, the difference in
average charge between thejai and jbi eigenstates. This peak disap-
pears when the system is tuned to resonance since the eigenstates are
equal mixtures of charge states.

The sidepeaks arise atw = � wab due to coherent oscillations be-
tween the eigenstates. The heights of the sidepeaks are controlled
by the steady state populations of the eigenstates, which is what pro-
vides the asymmetry between the negative and positive frequ ency
peaks, and the width is given by the rate at which the coherenc es
decay, Gcoh (see Eqn. (2.88)). Note that the spacing of the sidepeaks
is much larger for p = 0, the splitting is typically of order Jp= 0 �
25 GHz, compared to Jp= 1 � 1 GHz for the p = 1 resonance. This
means that �nite temperature effects are not as important in t he p = 0
resonance. When the systems is tuned directly to resonance the spec-
trum is not perfectly symmetric, as it was for the other reson ances,
this effect is purely because of the presence of the incoherent intra-
doublet transitions which mean that the populations of the e igen-
states are not equal on resonance.

3.7.1 Coupling to an oscillator

We now calculate the effective temperature and damping expe rienced
by an oscillator coupled to the SSET tuned near to the CPRs. Wewill
explore the back-action effect of the SSET on resonators in two differ-
ent regimes of frequency, W = 100 MHz and W = 4 GHz, correspond-
ing to different physical realisations of the resonator. Th e 100 MHz
frequency is typical of a nanomechanical resonator [ 25], whilst the
4 GHz frequency matches that of superconducting striplines [85] or
LC resonators [8]. We focus on the p = 1 resonance from now on
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Figure 3.8.: Charge noise,Sn, as a function of DE for (a) W = 100 MHz and
(b) W = 4 GHz oscillator. Solid (blue) lines are Sn(W), dashed
(red) lines are Sn(� W). The inset in (a) shows the region around
the minimum where the difference between the two curves is
most pronounced.

since the sidepeaks of the p = 0 resonance are too wide to have any
signi�cant effect, even for a high frequency LC oscillator.

Figure 3.8 shows the charge noise as a function of the detuning
from resonance for W = � 100 MHz and W = � 4 GHz. At 100 MHz
the spectrum is very symmetric, Snn(W) � Sn(� W) because the side-
peaks have very little weight at this frequency. In this case maximum
asymmetry is achieved at the centre of the resonance (DE = 0), when
the spacing of the outer peaks is minimized. In contrast, at 4 GHz, the
spectrum is highly asymmetric as here the sidepeaks cross through
this frequency.

The curves for Sn(� W) are not simply re�ections of each other,
as would be expected for a classically driven TLS [80], or other res-
onances in the SSET such as the JQP and DJQP [15, 57]. This asym-
metry occurs for the same reason that the current peak is not a sim-
ple Lorentzian; the intra-doublet decay rates are not symme tric be-
tween � DE. Similar effects are seen in a driven TLS [86], when the
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Figure 3.9.: Back-action damping, gBA, [(a)-(b)] and effective occupation
number, nBA, [(c)-(d)] of an oscillator weakly coupled to the
SSET. (a) and (c) are forW = 100 MHz, (b) and (d) for W =
4 GHz.

temperature dependence of the relaxation rate is taken into account.
The behaviour of the driven TLS, where Sn(W, DE) = Sn(� W, � DE),
is recovered in the high temperature limit where the intra-d oublet
transition is saturated, gab = gba. We can understand how the intra-
doublet decays lead to this asymmetric behaviour in terms of effective
temperatures. The intra-doublet decays drive the eigenstate popula-
tions towards an equilibrium distribution which correspon ds to the
temperature of the bath, this is constant and always positiv e. How-
ever, the inter-doublet rates drive the SSET to an equilibri um point
whose effective temperature varies strongly with DE and, in particu-
lar, changes sign when DE = 0. The competition between these two
behaviours causes the asymmetry in this system [15, 57].

In Fig. 3.9 we plot the back-action damping, gBA, calculated using
Eqn. (3.20) from the charge noise for W = 100 MHz and W = 4 GHz.
The size of the damping depends on the asymmetry of the noise
spectrum. The small asymmetry in the low frequency noise spe c-
trum gives the damping a very small magnitude, but for the hig h
frequency resonator it is much larger. The lack of symmetry i n the
noise spectrum, Sn(W, DE) 6= Sn(� W, � DE), leads to quite different
magnitudes for the damping at � DE, with the anti-damping peak
suppressed by the intra-doublet decays for both the high and low
frequency cases.

When a resonator is coupled to the SSET its steady state is deter-
mined by a combination of the back-action of the SSET and the in�u-
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ence of the rest of the resonator's surroundings which are in thermal
equilibrium at a temperature Text, and give rise to a damping rate gext.
The overall occupation number of the resonator, neff, is given by Eqn.
(3.22). At a given external temperature, the SSET can be used to cool
the resonator provided provided nBA < next, where next is the occu-
pation number which corresponds to Text. Such cooling is important
when attempting to reach the vibrational ground state of nan ome-
chanical resonators with frequencies in the MHz range, as even at
temperatures below 100 mK they will still contain a large num ber of
thermal quanta [ 10, 78, 79, 80].

Figures 3.9(c) and 3.9(d) show the behaviour of nBA (plotted as
1/ nBA to emphasize the behaviour near minimas) around the reso-
nance at 100 MHz and 4 GHz. For W = 100 MHz, the minimum in
nBA occurs when the system is tuned directly to resonance, where
the central peak in the noise spectrum vanishes. For the typical de-
vice parameters we have chosen (given in Sec.2.5.3), we �nd a mini-
mum of nBA � 37, which corresponds through the expression nBA =
(exp(h̄W/ kBTBA) � 1) � 1 to an effective temperature TBA � 29 mK,
only slightly lower than the bath temperature, T = 30 mK. This re-
sult is, however, dependent on T through the intra-doublet rates and
the relative cooling potential does improve at higher bath t empera-
tures, for example TBA � 37 mK for T = 50 mK and TBA � 50 mK for
T = 80 mK.

The cooling potential of the CPRs is less than was found for th e
JQP or DJQP resonances [15], where it was found that, in principle,
these resonances are capable of cooling a MHz oscillator from around
500mK to as low as 50mK. The main problem with using the SSET
tuned to a Cooper-pair resonance to cool a mechanical resonator is
the spacing of the peaks in the noise spectrum. For effective cooling,
we need the frequency of the resonator to match the separation of the
peaks. This cannot be achieved at low frequencies in this device since
the minimum intra-doublet spacing (and hence minimum peak s plit-
ting) 2 Jp/¯h is in the GHz range. Trying to engineer a device where
this splitting was much smaller would lead to a deterioratio n in the ef-
fectiveness of the cooling because of the effect of thermal noise on the
SSET itself: the asymmetry in the peaks would be reduced and they
would also be broadened (this would take the system outside b oth
the regime where the RWA is valid and also the resolved sideba nd
limit where optimal cooling can be achieved [ 78, 79]). In contrast, for
a driven TLS [80], the potential for cooling is much greater as it is pos-
sible to tune the drive (which corresponds to the Josephson coupling
in our system) and it is the differencebetween this frequency and the
level separation of the TLS (both of which can be much greater than
kBT/¯h) that sets the spacing of the sidepeaks in the corresponding
noise spectrum.
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Figure 3.10.: Sn(1) (w) in the vicinity of the p = 1 resonance (a) and (b) show
the spectrum at frequencies around h̄w = � 2eV respectively.
A schematic illustration of the processes giving rise to the spec-
tral features is shown in (c). This illustrates the inter-do ublet
transitions and the corresponding frequencies of the featu res
they give rise to.

3.7.2 Higher order spectral features

The full charge noise spectrum close to the CPRs also contains con-
tributions at other frequencies far from w = 0. These arise from the
higher order contributions in the perturbative expansion o f n̂0. In
this section we investigate the most signi�cant of these high order
terms, which arises from the hn̂(1)(t)n̂(1) (0)i term in the expansion.
The form of n(1) is calculated in appendix B,

n̂(1) = � å
k

J
2peV

j0,ki h1,k + 1/ 2j

+
J

2(p + 1)eV
j0,ki h1,k � 1/ 2j + h.c., (3.47)

for p � 1, in the case p = 0 the �rst term is not present. When this
is transformed to the eigenstate basis it contains terms proportional
to ji, ki hj, k + qj, with q = � p, � (p + 1), for p = 0 only terms q = � 1
are present. As an example we calculate the corresponding spectrum,

Sn(1) (w) =
Z ¥

� ¥
hn̂(1)(t)n̂(1) (0)i eiwtdt, (3.48)

for the p = 1 resonance (note that in the steady statehn̂(1) i = 0 and
so we do not need to work with the operator dn̂(1)). To do this we
use a slightly different technique. The states linked by n̂(1) are not
present in our de�nition of r and so we need to use a different set of
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reduced master equations. For the p = 1 resonance these correspond
to Eqn. (2.84) with the values of q = � 1, � 2, which include the correct
coherences. We can then construct the relevant two-time correlation
using the regression theorem.

We �nd that the spectrum consists of triplets of peaks centred on
the frequencies h̄w = 2qeV, with the sidepeaks separated by the intra-
doublet level spacing in each case. The triplets with q = � 1 and
q = � 2 simply differ by a constant prefactor and a slight modi�ca-
tion to the decay rates, and so we concentrate here on just theq = � 1
case. The spectrum around h̄w = � 2eV is shown in Figs. 3.10(a)
and 3.10(b). The peaks in this part of the spectrum arise from �rst
order Josephson coupling between states at the relevant frequency
differences. We show the relevant transitions and their fre quencies in
Fig. 3.10(c). Since this spectrum occurs at higher order in the pertur -
bation theory the magnitude of Sn(1)n(1) is much smaller than it was
for the zeroth order spectrum (Fig. 3.7). The central peak in both
Figs. 3.10(a) and 3.10(b) is the same, because the transitions which
give rise to these peaks always link corresponding states wi thin the
two doublets (i.e. an a state with an a state or a b state with a b) for
both the positive and negative frequency processes as shown in Fig.
3.10(c). However, the sidepeaks of the two triplets are quite dif fer-
ent. The weights of the sidepeaks are proportional to jnq

ij j
2r ii , where

nq
ij = å k hi, k + qj n(1) j j, ki , and i( j) is the initial (�nal) state for the

relevant transition. This means that each of the four sidepe aks has a
different combination of matrix element and population.

Far from the resonance, only one of the three peaks is present in
each triplet. In this region the eigenstates are very close to the charge
states, and since the Josephson effect only couples the states j0,ki
and j1,k + 1/ 2i , we �nd that each state is only coupled to one other.
Very close to the resonance all of the peaks appear, the eigenstates are
mixtures of charge states, and so transitions between all of the states
in the doublets can occur.

The features seen in this part of the spectrum arise because the
system is not as simple as a true TLS, they arise from couplings be-
tween different doublets and hence require more than two ene rgy
levels. The frequencies at which the features in this part of the spec-
trum occur, � 100 GHz, are much larger than the range that can be
probed with a stripline resonator. However, it might be poss ible to
observe the noise at this frequency in a different kind of exp eriment,
in which the SSET is instead coupled to another mesoscopic conduc-
tor, such as a SIS junction, which is sensitive to �uctuation s at such
high frequencies [65, 87].
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3.8 summary

In this chapter we have described an ef�cient technique for ca lculat-
ing the charge noise spectrum in systems described by a Born-Markov
master equation. We have presented results for the three transport cy-
cles in the SSET which we introduced in chapter 2. The charge noise
gives much more information about the dynamics than can be ob -
tained from mean quantities. All of the resonances show the s ame
basic behaviour. In the coherent limit, there are three peak s, one at
w = 0 which is due to incoherent �uctuations, and two at w = � J
where here J is the relevant oscillation frequency. The relative height s
of the side-peaks are controlled by which way the system is de tuned
from resonance. The ability to change the symmetry of the spectrum
by changing the operating point allows the SSET to both extra ct en-
ergy from or pump energy into a harmonic oscillator weakly co upled
to the gate of the SSET. We examined this behaviour in detail for
two different experimentally interesting frequencies for the case of
the Cooper-pair resonances. It turned out that the frequenc y scale
set by the Josephson coupling means that the cooling potential of the
CPRs is not as good as it is for the JQP or DJQP. We also found that
for the Cooper-pair resonances there are further sets of peaks in the
spectrum at higher frequencies, which arise because of the terms at
higher order in the expansion of n̂0.
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4
C U R R E N T N O I S E

M uch recent attention has focused on the way in which the
counting statistics of transferred charge through a conduc tor

can give insights into its dynamics [ 2]. Transport of electrons through
even a classical tunnel junction is stochasticin nature, this leads to the
idea that examining the distribution of these tunnel events can give a
detailed understanding of the dynamics of the transport [ 1, 2, 5]. Pre-
vious work using Born-Markov master equations has concentra ted
on systems in which the transport can be described by a classical
stochastic process [88, 89, 58, 90] in which the variable, N, that counts
the number of charges passing through a particular point in t he cir-
cuit is a de�nite quantity. In the few results where this is not the case,
the calculated quantity has always been the symmetrisednoise [4, 55].

In this chapter we develop a method for calculating the unsym -
metrised noise in the current through the SSET, which is closely re-
lated to the second moment of the classical distribution, an d show
how this can be used to predict the back-action on an oscillat or (as
discussed in Sec.3.2). This requires a more sophisticated technique
than those already available; the current through the SSET unavoid-
ably involves quantum coherence, the counting variable can be in
a superposition involving a Cooper-pair on both the left and right
sides of the junction. We show how it is possible to develop a s imple
expression for the current noise in systems which involve qu antum
coherent oscillations and apply this to the different trans port mech-
anisms in the SSET, paying particular attention to the noise at DJQP
which has been measured recently in the experiment of Ref. [8].

The outline of this chapter is as follows. Firstly, in Sec. 4.1, we
explain the differences between quantum and classical current noise
and discuss why unsymmetrised noise is dif�cult to calculate in the
presence of quantum coherence. In Sec.4.2 we outline our new tech-
nique for calculating the unsymmetrised current noise. We t hen use
this technique to calculate the noise close to the DJQP resonance in
Sec.4.3, these results are compared to those obtained in a recent ex-
periment, Ref. [8]. In Secs.4.4 and 4.5 we give results for the current
noise close to the JQP and CPRs respectively.
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4.1 classical and quantum current noise

In a classical device the charge transferred, and thereforethe current,
is fully described by its probability distribution. For exa mple, con-
sider counting the particles tunnelling through one juncti on of the
normal state SET1. The particles involved in the transport have either
passed through the junction or not, and so one can write down a full
classicalprobability distribution, P(N, t), which contains all of the in-
formation about the statistics of N [2]. It is usual to write this quantity
in terms of a moment generating function [ 2],

P(c, t) = å
N

eic N P(N, t), (4.1)

where all of the information about transferred charge is now encoded
in the counting �eld c . This then allows easy calculation of all the
moments of the distribution [ 2],

hNmi =
¶m

¶( ic )m P(c, t)
�
�
�
�
c= 0

. (4.2)

The current and higher order moments can then be calculated as, for
example, hI i = h �N i . This type of expression can even be used to
calculate the noise when the internal dynamics are quantum mechan-
ical [88, 89, 58, 90], in this case it is possible to de�ne a probability
distribution by tracing out the internal degrees of freedom ,

P(N, t) = Tr int [r (N, t)], (4.3)

following this, the standard classical techniques can be used.
It is also possible to generalise these techniques to calculate the

�nite frequency noise [ 58, 90]. Previous studies have devoted much
attention to calculating either the zero-frequency [ 91, 92, 93] or �nite
frequency symmetrised[94, 55, 4, 92, 95] noise. The symmetrised noise
is of interest because it is this quantity which is measured b y a de-
vice that is insensitive to differences between positive an d negative
frequency �uctuations [ 74, 3] such as a normal state SET [96, 97] or
quantum point contact [ 98]. It is given by,

Ssym
I (w) =

1
2

Z ¥

� ¥
eiwth

�
dÎ (t), dÎ (0)

	
i dt, (4.4)

where f A, Bg = AB + BA is the anti-commutator. From the results of
Sec.3.1, we see that for systems which can be described by a classical
distribution (ignoring any effects of non-Markovian transp ort [ 99, 90,
100]) the current noise spectrum must be symmetric [ 88, 2]. However
this is not the case for systems involving Josephson junctions, such as
the SSET. In these systems, the counting variable can be in acoherent

1 We only consider the regime where the system is described by a Markovian master
equation.

61



superposition, Cooper-pairs can be in a quantum state in which they
are both on the left and right side of the junction.

Here we focus on calculating the quantum current noise (as de �ned
in Sec.3.1). Recent experimental progress has made it possible to ob-
serve the asymmetricparts of the noise by coupling the current to a
quantum spectrometer, using the ideas of linear response outlined in
Sec.3.2. This type of measurement has been performed in a variety
of systems where quantum effects are important, such as in supercon-
ducting tunnel junctions [ 101, 75], quantum point contacts [ 102, 103],
a carbon nanotube quantum dot in the Kondo regime [ 104], as well
as in various transport processes in the SSET [9, 65, 8]. To this end,
here we concentrate on developing a simple and ef�cient metho d for
calculating the asymmetric part of the noise which occurs wi thin the
Born-Markov approximations. Previous studies have calcula ted the
non-Markovian asymmetric noise [ 99, 90, 100], however these effects
only become relevant at much higher frequencies than are typ ically
observed in experiments involving SSETs2. The technique which we
develop here is able to explicitly calculate the asymmetric noise in
systems with steady state coherence, induced in the SSET by the pres-
ence of the Josephson junctions, this was not considered in the previ-
ous non-Markovian calculations.

4.2 calculating the current noise

In this section we present a technique for calculating the no ise in �uc-
tuations of the current for a device whose dynamics are descr ibed by
a generic Born-Markov master equation as in Eqn. (3.23). In Liouville
space this equation has the form,

djs(t) ii
dt

= Lj s(t) ii . (4.5)

To calculate the charge noise the procedure from here was simple:
the dynamics of the island charge are contained within the re duced
density operator, r (see Eqn. (3.24)), and the regression theorem then
gives the two-time correlation function which can be used to �nd the
noise spectrum (see Sec.3.4).

For the current noise we cannot simply trace out the dependen ce
on the counting variable, N, as we did for the charge noise. When
considering the current, it is the counting variable which c ontains all
of the relevant information. This means we still have the pro blem
that L , which describes the evolution of the full density matrix, s,
is in�nite and does not have a well de�ned steady state. Motivate d

2 For the SSET the Markov approximation starts to break down at frequencies w >
EC [55] which is much higher than, for example, the frequency of the oscillator used
to measure the noise in Ref. [8] or even the typical frequency of the Josephson oscil-
lations.
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by the classical techniques discussed in the previous section, we in-
troduce the Fourier transformed density operator, which is similar to
Eqn. (4.1),

r ij ,q(c ) = å
N

hi, N j eic N̂ s j j, N + qi = å
N

eic N hi, N j s j j, N + qi , (4.6)

where the second equality comes from the fact that ji, N i is an eigen-
state of N̂ . Here q is chosen appropriately for the coherences present
in the problem. The density matrix has elements which are lab elled
with i and j and q is simply used as a label which allows us to keep
track of the coherence in N. We have introduced c, a counting �eld,
which includes all of the information about N̂ . This is very similar
to the way in which counting �elds are introduced for classicalprob-
lems [2], but to include quantum coherence we make sure that c is the
conjugate �eld to the operatorN̂ . We note that our choice of the de�ni-
tion of r ij ,q(c ) is, in some sense, arbitrary: we could equally have de-

�ned, for example, r ij ,q(c ) = å N hi, N j seic N̂ j j, N + qi , and obtained
the same �nal results, as long as we were consistent throughou t.

We can write an evolution equation for the Liouville space re pre-
sentation of this Fourier transformed density operator,

djr (c, t) ii
dt

= M (c )jr (c, t) ii . (4.7)

The superoperator M can then be calculated from the full evolution
using the de�nition of r ,

�r ij ,q(c ) = [ M (c )r (c )] ij ,q = å
N

eic N hi, N j L s j j, N + qi . (4.8)

When c = 0, the evolution superoperator, M (c ), reduces to the evo-
lution for the internal charge dynamics of the island, which we used
in chapters 2 and 3.

Given r (c, t), one can obtain the (time dependent) average of any
operator and, in particular, of N̂ ,

hN̂ (t)i � Tr[N̂ (t)s] = hh0j
¶jr (c, t) ii

¶ic

�
�
�
�
c= 0

, (4.9)

where hh0j is the vector equivalent to the trace operation in Hilbert
space, as introduced in Sec.3.4. This then gives motivation for the def-
inition of r (c ) in Eqn. (4.6), we introduced the Fourier transformed
density operator to allow the simple calculation of quantit ies like the
one above.

This then gives a simple way of calculating the particle curr ent by
taking a time derivative hÎ (t)i � � dhN̂ (t) i / dt,

hÎ (t)i = � hh 0j

 

M (c )
¶eM (c ) t

¶ic
+ M 0(c )eM (c ) t

!

jr 0ii

�
�
�
�
�
c= 0

, (4.10)
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where the choice of sign arises from the particular counting variable,
N, chosen. For example, if N = NL counts the number of particles
in the left reservoir of the SSET, then a decreasein N represents a pos-
itive current, whereas if N = NR is the number of particles in the
right reservoir, then an increasein N is a positive current. In this ex-
pression, jr 0ii , is the initial density matrix, and a prime indicates a
derivative with respect to ic . The �rst term of ( 4.10) vanishes, since
hh0jM (0) = 0. This relation follows from the conservation of proba-
bility, hh0jr (0,t) ii = 1, and the equation of motion for jr (0,t) ii , given
by Eqn. (4.7),

dhh0jr (0,t) ii
dt

= hh0jM (0)jr (0,t) ii = 0, (4.11)

which must be true for all jr ii , and so we �nd hh0jM (0) = 0.
For the second term of Eqn. (4.10), as we have already seen for

the charge degree of freedom, the process is stationary: jr ii has a
well de�ned steady state. This implies that lim t! ¥ eM (0) t jr 0ii = j0ii
for any initial vector jr 0ii . The resulting simple expression for the
stationary current is then,

hÎ i = �hh 0jM 0(0)j0ii , (4.12)

which, as we will show later, gives the same result as the simp le
counting methods shown in chapter 2.

We can now go on to consider the current-current correlation func-
tion,

SI (t1, t2) � h Î (t1) Î (t2)i � h Î (t1)ih Î (t2)i . (4.13)

The �rst term can be written, using our de�nition of the current op-
erator, Î (t) = dN̂ (t)/ dt, as follows,

hÎ (t1) Î (t2)i =
¶

¶t1

¶
¶t2

Tr[N̂ (t1) N̂ (t2)s(t = 0)] . (4.14)

To �nd the noise spectrum we need to calculate this quantity fo r both
t1 > t2 and t1 < t2, but since the quantum regression theorem3 [69]
(see the previous chapter) only gives forward time evolutio n we �rst
de�ne for t1 > t2,

f (t1, t2) = hN̂ (t1) N̂ (t2)i . (4.15)

We can then calculate thet1 < t2 part by using the relation hN̂ (t2) N̂ (t1)i =
f (t1, t2) � , as we did for the charge noise. The correlation function is
then,

SI (t1, t2) = ¶t1¶t2[Q(t1 � t2) f (t1, t2) + Q(t2 � t1) f (t1, t2) � ]

� h Î (t1)ih Î (t2)i , (4.16)

3 We are able to use the regression theorem since we have included the counting
variable as a system operator in our Born-Markov descriptio n.
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with Q(t) the Heaviside step function. We can now use the regression
theorem to obtain the correlator f (t1, t2) for t1 > t2,

f (t1, t2) = Tr
h

�NeL ( t1� t2) �NeL t2s(t = 0)
i

, (4.17)

where �N is the superoperator representation of the counting operat or
N̂ , constructed in the same way as the island charge superoperator �n
in the previous chapter (see, for example, Eqn. (3.33)).

Finally, we express (4.17) as a scalar product in Fourier space, by
converting the �N superoperators to c derivatives,

f (t1, t2) = hh0j
¶

¶ic

�
eM (c )( t1� t2) ¶

¶ic
eM (c ) t2

�
jr 0ii . (4.18)

Performing the time and c derivatives (see appendix C), we �nd
that SI (t1, t2) only depends on the time difference, t = t1 � t2, in the
stationary limit, t2 ! ¥ and the correlation function reads,

SI (t) = d(t)Rehh0jM 00j0ii + hh0jM 0eM tM 0j0ii

+ hh0jM 0e�M tM 0j0ii � � h I i 2, (4.19)

where the c = 0 argument is omitted for brevity.
This expression can then be Fourier transformed and simpli�e d by

introducing the set of orthonormal eigenvectors of M (0), as we did
for the charge noise, and we �nd the compact expression,

SI (w) = Rehh0jM 00j0ii � 2 å
i6= 0

Re
�

hh0jM 0j l i iihhl i jM 0j0ii
iw + l i

�
. (4.20)

Given the full c dependent evolution matrix M (c ) and its eigenba-
sis, we now have simple expressions for both the charge and current
noise.

At �rst sight, Eqn. ( 4.20) looks rather similar to expressions ob-
tained by calculating probabilities for given numbers of ch arges, N,
to have passed into the leads, such as in Refs. [105, 58, 60]. However,
there is a crucial difference: these calculations assume that there is no
coherence between states with different N. Our choice of basis for s
allows us to express the counting operator N̂ as a simple derivative
with respect to ic , leading to the expression (4.20), which takes fully
into account coherence in N. Including such coherences is inherently
problematic for methods based on the counting statistics of charges in
the leads, as discussed in Refs. [55, 106]. The presence of steady state
coherence leads to issues when de�ning a classical counting variable
at t = 0, since it is not in a de�nite state [ 55]; we have overcome this
by using the full evolution of the density operator which kee ps track
of the coherence in a consistent way.

In the following sections we go on to calculate these evoluti on ma-
trices and, from these, the noise spectrum for the different transport
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processes in the SSET, as introduced in chapter2. We also note that
this technique is able to shed light on the problems encounte red in
calculating the current noise through a double quantum dot c oupled
to a thermal bath, encountered in Ref. [107]. In this system it was
found, using the previously available techniques, that the noise in
the current between the dots, where quantum coherence is vit al for
the transport, violates charge conservation. Using our technique, this
problem does not arise. These results are presented in appendix D.

4.3 double josephson quasiparticle resonance

We begin by calculating the quantum current noise around the DJQP
resonance, described in detail in section 2.4. A recent experiment that
probed the asymmetry in the current noise [ 8] provides motivation
for us to study the full quantum problem, and go beyond the sem i-
classical symmetric results which already exist in certain limits [ 14,
55]. The previous calculations were only able to obtain the noi se in
the limits where the off-diagonal elements of the steady sta te density
matrix are suppressed, since, in this case, it is possible to use the
classical expressions to �nd the symmetrised noise.

To calculate the full quantum noise, we need to construct an e xplicit
form for the evolution matrix, M (c ), used in the expression for the
noise Eqn. (4.20). Since the SSET has two junctions, there are two
possible counting variables to use, NL, the number of particles in
the left reservoir, and NR, the number in the right reservoir. In the
calculations we give throughout the remainder of this chapt er we will
use NL unless otherwise mentioned. The calculations involving NR

follow the same procedures.
There are eight elements in the Fourier transformed density matrix

for the DJQP, each corresponds to one of the elements in the reduced
density matrix we used for the island charge (see Eqn. (2.54). We then
wish to �nd evolution equations for each of these which will fo rm the
Liouville space vector,

jr (c ) ii = ( r 00,0, r 22,0, r 02,� 2, r 20,2, r � 1� 1,0, r 11,0, r � 11,0, r 1� 1,0)T, (4.21)

we see that the label q keeps track of the coherence. All of the terms
which are diagonal or only involve coherence at the right-ha nd junc-
tion have q = 0, while the two terms which involve coherence have
q = � 2. As an example, we start by calculating the evolution equa-
tion for r 00,0(c ). The full evolution of the density matrix is given by
Eqn. (2.50). From this and the description in Sec. 2.4, we �nd that the
relevant expression in the evolution of s is given by,

h0,NL j �s j0,NL i = GL h1,NL + 1j r j1,NL + 1i

+ iJ(h2,NL � 2j r j0,NL i � h 0,NLj r j2,NL � 2i ), (4.22)
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which, when we Fourier transform, yields,

�r 00,0(c ) = å
NL

h0,NL j eic N̂L �r j0,NL i

= å
NL

eic NL [Gh1,NL + 1j r j1,NL + 1i

+ iJ(h2,NL � 2j r j0,NL i � h 0,NL j r j2,NL � 2i )]. (4.23)

The �rst term is straightforward, this only involves diagona l elements
and represents the incoherent, classical quasiparticle decay at the left
junction and is given by,

å
NL

h1,NL + 1j r j1,NL + 1i

= å
NL

eic (NL� 1) h1,NL j r j1,NL i = e� ic r 11,0(c ), (4.24)

where we have simply shifted the sum over NL by one to make sure
that we obtain something which matches with the de�nition of o ne
of the elements of r . The other terms involve coherence and so we
have to make sure that we shift each term by an appropriate amo unt
so that we can again match with the relevant de�nition of r ,

å
NL

eic NL(h2,NL � 2j r j0,NL i � h 0,NL j r j2,NL � 2i )

= e2ic r 20,2 � r 02,� 2. (4.25)

We note here that it is in the de�nition of these coherent terms that
we make sure Eqn. (4.9) is satis�ed and we ensure c is conjugate to
the operator N̂ .

We can perform a similar calculation to obtain the evolution of the
off diagonal elements, for example,

h0,NL j �s j2,NL � 2i = iJ(h2,NL � 2j s j2,NL � 2i � h 0,NL j s j0,NL i )

�
�

idL +
GR

2

�
h0,NL j s j2,NL � 2i , (4.26)

which gives,

�r 02,� 2(c ) = å
NL

h0,NL j eic N̂L �s j2,NL � 2i

= iJ
�

e2ic r 22,0 � r 00,0

�
�

�
idL +

GR

2

�
r 02,� 2. (4.27)
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The other required terms are obtained in a similar way. Combi ning
these results with those for the evolution of the other eleme nts, we
are able to �nd the evolution matrix in Fourier space as,

M (c ) =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 0 � iJ iJe2ic GLe� ic 0 0 0

0 � GR iJe� 2ic � iJ 0 0 0 0

� iJ iJe2ic G�
L 0 0 0 0 0

iJe� 2ic � iJ 0 G+
L 0 0 0 0

0 0 0 0 � GL 0 � iJ iJ

0 GR 0 0 0 0 iJ � iJ

0 0 0 0 � iJ iJ G�
R 0

0 0 0 0 iJ � iJ 0 G+
R

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

.

(4.28)

This matrix contains all of the information describing the i nternal
(charge) dynamics of the system. The matrix has precisely the same
form as Eqn. (2.54) if we take c = 0, but it now also contains infor-
mation about how charge passes through the transistor in the phase
c. We have been able to represent the evolution of the system in the
full (in�nite) Hilbert space of jn, NLi in this �nite evolution matrix.

As a simple example, we will use M (c ) to calculate the average
current, and show that this agrees with the result calculate d using the
rate equation approach of Sec.2.4.2. We use Eqn. (4.12). This requires
M 0(0) (obtained from Eqn. ( 4.28)) and the following quantities,

hh0j = ( 1, 1, 0, 0, 1, 1, 0, 0), (4.29)

j0ii =
1

4E2
J + 2G2 + 4(d2

L + d2
R)

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

E2
J + 4d2

L + G2

E2
J

� 2EJdL + iEJG

� 2EJdL � iEJG

E2
J

E2
J + 4d2

R + G2

2EJdR + iEJG

2EJdR � iEJG

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

, (4.30)

where we have again simpli�ed the result by assuming GL = GR = G
(see Sec.2.4). When multiplied out this gives an expression for the
average current,

hI i =
3E2

JG

2G2 + 4E2
J + 4(d2

L + d2
R)

, (4.31)

which is the same as that found in Eqn. ( 2.58).
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We could equally have de�ned a counting variable, NR, which
counts the charges in the right-hand reservoir. This gives a n evo-
lution in which the phase variable appears in the bottom righ t part
of the matrix,

M (c ) =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 0 � iJ iJ GL 0 0 0

0 � GR iJ � iJ 0 0 0 0

� iJ iJ G�
L 0 0 0 0 0

iJ � iJ 0 G+
L 0 0 0 0

0 0 0 0 � GL 0 � iJ iJe� 2ic

0 GReic 0 0 0 0 iJe2ic � iJ

0 0 0 0 � iJ iJe� 2ic G�
R 0

0 0 0 0 iJe2ic � iJ 0 G+
R

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

,

(4.32)

which naturally leads to the same average current as Eqn. (4.28).
These matrices can now be used to calculate the current noise. As

for the charge noise, we use a combination of exact numerical diago-
nalisation and analytic limiting cases to analyse the behav iour.

A useful dimensionless quantity to consider when discussin g the
current noise is the Fano Factor[1] de�ned as,

F(w) =
SI (w)

hI i
, (4.33)

this quantity allows us to easily compare our results to thos e obtained
for an uncorrelated Poissonian system, which has F(w) = 1 [2]. Sys-
tems with noise such that F(w) > 1 are said to be super-Poissonian,
this is usually a sign that the transport is bunched at the fre quency w.
If the noise has F(w) < 1, the transport is usually anti-bunched and
this is referred to as sub-Poissoniannoise. Quantum mechanical pro-
cesses can lower the Fano factor below what is classically expected [2].

4.3.1 Zero frequency noise

We begin by calculating the zero-frequency Fano factor thro ugh the
left-hand junction. This quantity has already been calcula ted using
semi-classical approaches [14, 55]. By charge conservation arguments
this quantity must be the same at both junctions of the SSET [108].
It is possible to �nd a simple analytic expression for the Fano factor
given by,

F(0) =
3
2

 

1 �
2E2

J(3G2 � d2)

(G2 + d2 + 2E2
J)

2

!

, (4.34)

where d = dL + dR. This matches the result obtained in Refs. [14, 55].
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Figure 4.1.: The zero frequency Fano factor as a function of the ratio EJ/ G.
The black line shows the full quantum result, the red, dashed
line shows the results of an incoherent calculation.

For given system parameters, Gand EJ, the noise is minimised by
choosing d = 0; detuning from resonance enhances the noise. We
show the on-resonance Fano factor as a function of EJ/ Gin the black
solid line of Fig. 4.1. In the two limits EJ � G and EJ � G, the
noise goes to F(0) ! 3/2, this can be thought of in terms of the ef-
fective charge transferred: in each cycle 3/2 electrons are transferred
per junction [ 55]. There is a dip in the noise around EJ � G, with a
minimum of 3/8 when EJ = G/

p
2 [55]. This can be compared to the

results obtained for a normal state SET, where the minimum no ise of
F(0) = 1/2 is found when the timescales for tunnelling at both junc-
tions match, GL = GR. This causes the noise to be sub-Poissoinain,
since when an event occurs at one junction, it is unlikely to f ollowed
immediately by another. We see the same behaviour in the SSET
when the timescales for Josephson oscillations, EJ, and incoherent
tunnelling, G, are of the same order.

We can also calculate the zero frequency noise for the incoherent
model presented in Sec.2.4.2 (in particular using the evolution matrix
M inc from Eqn. (2.55)), from this we �nd the result (at zero detuning),

Finc =
3
2

 

1 �
2E2

JG
2

(G2 + 2E2
J)

2

!

, (4.35)

this is shown as the red, dashed line in Fig. 4.1. This has the same
qualitative form as the full calculation, but F(0) < Finc(0) for all
choices of EJ/ G: coherence suppressesthe noise below what is ex-
pected for classical charge transport. A process which is quantum
coherent is more ordered than a classical incoherent process and so
is less noisy [55].
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Figure 4.2.: Frequency dependent Fano factor,FL(w). (a) Weak quasiparticle
tunnelling regime EJ/ G = 5: dL = 0 (black solid line), dL = G
(blue dashed line) and dL = � G (red dotted line). (b) Strong
quasiparticle tunnelling regime EJ/ G= 0.02:dL = 0 (black solid
line) and dL = 0.2G(blue dashed line). In all cases, dR = 0 and
GL = GR = G, neglecting the voltage dependence of the rates.

4.3.2 Frequency dependent noise

The key advantage of our technique over those presented elsewhere [4,
55] is that it allows us to calculate the full unsymmetrisedfrequency
dependent current noise. We now consider the noise through t he left
junction, SL(w), and the associated Fano factor,FL(w), for a given set
of system parameters. We note that, at �nite frequencies, we n eed
to distinguish between the noise through the left and right j unctions
since there is, in general, no simple relation between the tw o quan-
tities away from w = 0. However, since the junctions of the SSET
at the DJQP resonance are symmetric, provided one assumes (as we
do here) that the junctions are identical, the symmetries in herent in
the DJQP cycle mean that we obtain the same noise spectrum at each
junction, but with the replacement dL $ dR.
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Figure 4.3.: The effect of changing dR on the Fano factor in the left-hand
junction FL(w). The parameters are the same as in Fig.4.2, with
dL = 0. The black, solid line shows dR = 0, the red, dashed line
dR = Gand the blue, dotted line shows dR = � 5G.

Figure 4.2 shows the frequency dependent Fano factor for the left
junction. We can distinguish two different behaviours corr esponding
to weak (EJ/ G � 1) and strong (EJ/ G � 1) quasiparticle tunnelling.
For EJ/ G � 1, shown in Fig. 4.2(a), coherent Cooper-pair oscillations
lead to strong peaks in the spectrum at w ' � EJ. The dynamics in
this regime can be thought of as a series of Josephson oscillations, in-
terrupted by very infrequent quasiparticle decays [ 55], and so the cur-
rent is highly correlated at the frequency of the Josephson oscillations,
leading to the large super-Poissonian peaks seen in the spectrum. We
can obtain an analytic expression for the noise at the resonant fre-
quency, and �nd, at linear order in dL and for dR = 0, that the peaks
have heights,

FL(� EJ) =
16EJ(EJ � 2dL)

9G2 , (4.36)

and width µ G, since the resonance is broadened by the quasiparticle
decays. FordL < 0, the positive frequency part of FL(w) is enhanced,
since resonant oscillation in the SSET involves absorption of energy.
This leads to an enhancement of the noise at the resonant frequency:
energy exchange with the environment is necessary for the oscilla-
tions to occur. The opposite process occurs for dL > 0, resonant
oscillation in this case requires the SSET to emit energy into the en-
vironment. The value of dR in�uences the magnitude of FL(w), but
not its asymmetry, as shown in Fig. 4.3. Detuning the resonance at
the right hand junction affects the �ow of current, but not th e relative
probabilities of energy absorption and emission at the left junction.

For EJ/ G � 1, as in Fig. 4.2(b), there are no peaks in FL(w). The
quasiparticle decays occur on a timescale much shorter than the Cooper-
pair oscillations, so the current does not feature coherent oscillations
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Figure 4.4.: Frequency dependent noise spectrum using the same parame-
ters as Fig. 4.2(b). Comparison of the results of an incoherent
model (green, dashed line) and the full quantum calculation
(black, solid line).

and the peaks are absent. The only feature in the spectrum is a dip
around w = 0, with FL = 3/2 for jw j � E2

J/ G (as was seen in the
zero frequency calculation), this then increases to FL = 5/3 on a scale
determined by E2

J/ G � j w j � G. This dip has the same origin as the
Lorentzian dip seen in the �nite frequency spectrum of the nor mal
state SET. In that system, the frequency dependent noise is given by,

F(w) = 1 �
2GLGR

G2
T + w2

, (4.37)

where GL(R) is the decay rate at the left(right)-hand junction, and GT =
GL + GR. This corresponds to a Lorentzian dip around zero frequency
which occurs because the large charging energy of the systemmeans
that it is unlikely that two tunnel events occur in the same ju nction
on timescales shorter than the decay time of system. For the DJQP,
the same thing happens, an event at the left junction needs to wait
for an event at the right junction before another can occur at the left
junction, leading to the same dip around w = 0.

For high frequencies, w � EJ, G, we �nd FL(w) ! 1/3, indepen-
dent of all system parameters (though the Born-Markov approa ch
breaks down eventually in the limit of very high frequencies w � EC).
This sub-Poissonian noise arises because Cooper-pairs contribute to
the current, but not to the high frequency noise. To illustra te this, we
make a comparison with the results of the incoherent model, b ased
on Eqn. (2.55), in Fig. 4.4. This model is derived by assuming that
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the Cooper-pair transitions are simply quasiparticle tran sitions with
charge 2e, resulting in the evolution matrix,

M inc =

0

B
B
B
B
@

� gL gLe2ic Ge� ic 0

gLe� 2ic � (gL + G) 0 0

0 0 � (gR + G) gR

0 G gR � gR

1

C
C
C
C
A

, (4.38)

from which we can calculate the current noise using Eqn. ( 4.20).
We see that the two curves match exactly at low frequencies, the

dip is well described by a model of incoherent transport, but at high
frequencies the incoherent model predicts FL(w) ! 5/3. In the
quantum calculation at high frequencies, only the quaispar ticles con-
tribute, and so only 1 out of 3 charge carriers per cycle contribute
to the noise. In the incoherent model, the Cooper-pairs are t reated
as quasiparticles with charge 2e, and so we obtain the same result as
in a tunnel junction in which quasiparticles of charge e and 2e carry
current.

4.3.3 Coupling to an oscillator

An oscillator coupled to the current travelling through one of the
leads is able to probe the asymmetric current noise spectrum through
the effective damping and temperature. In this section we wi ll use the
linear response formalism, outlined in Sec. 3.2, to describe the back-
action on an oscillator which the current noise gives rise to . These
results will then be compared to the results of a recent exper iment,
Ref. [8].

The oscillator is coupled to the current through one of the le ads of
the SSET. However, this current is not just the tunnel curren t through
one of the junctions, but is given by a combination of the part icle
current through the junction and the displacement current d ue to
accumulated charge on the capacitor plates. The full current in one of
the leads therefore involves the tunnel current through bot h junctions
and is given by the Ramo-Shockley theorem [2],

Î (t) =
CL

CS
ÎL(t) +

CR

CS
ÎR(t), (4.39)

where ÎL(R) is the particle current through the left (right) lead. We
need to calculate the noise in this quantity, not just the noi se in par-
ticle currents, as we did above. We can then use this to construct the
current-current correlation function in the lead as,

hÎ (t) Î (0) i =
C2

L

C2
S

hÎL(t) ÎL(0)i +
C2

R

C2
S

hÎR(t) ÎR(0) i

+
CLCR

C2
S

(hÎL(t) ÎR(0) i + hÎR(t) ÎL(0) i ). (4.40)
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Figure 4.5.: Experimental set-up of Ref. [8]. Reproduced from Ref. [8]. The
top-right hand corner shows the effective circuit, the SSET is
coupled to an LC oscillator formed from the inductor, L and the
capacitor, Cp.

The cross terms can then be written in terms of the charge noise by
noting that �̂n = ÎL � ÎR. The noise measured by coupling a detector
to one of the leads is then given by,

SI (w) =
CL

CS
SL(w) +

CR

CS
SR(w) �

CLCR

C2
S

w2Sn(w), (4.41)

where Sn is the charge noise spectrum (examined in detail in the pre-
vious chapter). For simplicity, we assume that the SSET is symmetric
CL = CR = C, and that the gate capacitance is small, Cg � C, this
allows us to write,

SI (w) =
SL(w)

2
+

SR(w)
2

�
w2Sn(w)

4
, (4.42)

which is a reasonable approximation for most experimental s et-ups.
An experiment was recently performed on a SSET close to the

DJQP [8], where the damping and effective temperature of an oscil-
lator coupled to the current �owing through one of the leads w as
measured, it is this experiment which we now focus our attent ion on.
The experimental set up is reproduced in Fig. 4.5, we see that the
system consists of a SSET, with an LC oscillator coupled to one of the
leads. The interaction Hamiltonian for this system is given by [8],

Hint = � Î (t)F̂ , (4.43)
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Physical quantity Experimental value

Charging energy EC = 237meV

Josephson energy EJ = 51meV

Superconducting gap D = 190meV

Normal state junction resistances RJ = 27 kW

Oscillator frequency w0/2 p = 1.04 GHz

Oscillator-SSET coupling strength A = 2.28� 1018 C� 1

Table 4.1.: Parameter values for the experiment in Ref. [8].

where F is the �ux in the inductor L, which plays the role of the
position of the oscillator.

The damping rate and steady state thermal occupation of the o scil-
lator are then measured, and their value without the SSET cou pled
subtracted (to remove other environmental effects). The no ise prop-
erties of the SSET at the frequency of the oscillator are theninferred,
using linear response, as we showed in the previous chapter. In this
section, we compare our analytical calculations to the experimental
results.

To calculate SI (w), we use the results for SL(w), presented in the
previous section, along with those for Sn(w), from the previous chap-
ter. This just leaves us with SR(w) to calculate, this is done using the
same procedure as for SL(w) along with the evolution matrix at the
right hand junction from Eqn. 4.32.

The relevant parameters for the experiment in Ref. [ 8] can be found
in table 4.1. The junctions are taken to be symmetric, and the coupling
strength is calculated as [8],

A =
1

p
2h̄w0Cp

. (4.44)

These parameters allow us to calculate a value of EJ/ G ' 0.5 at
resonance, whereG is calculated using the full expressions given in
Sec.2.3. Using these parameters we are able to use our model to
predict the noise and, from this, the damping and effective s teady
state temperature of the oscillator, deducing the effect of coupling to
the SSET.

We begin by considering the damping rate. We split the dampin g
into its three constituent parts, the particle current cont ributions,

gL(R) = A2(SL(R)(w0) � SL(R)(� w0)) , (4.45)

shown in Figs. 4.6(a) and 4.6(b) respectively and the charge noise
contribution,

gn = A2w2
0(Sn(w0) � Sn(� w0)) , (4.46)
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Figure 4.6.: Contributions to the damping (in MHz) from particle curre nts
in (a) left, gL, and (b) right, gR, junctions; (c) contribution from
the charge noise, gn and (d) total damping, gBA. Dashed lines
indicate the two Cooper-pair resonances which overlap at th e
DJQP resonance. For comparison, in (e) we reproduce the mea-
sured results, from Ref. [8], for the effective damping rate of the
oscillator due to the SSET.
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Figure 4.7.: Current-voltage characteristics of the SSET, around theDJQP, as
measured in Ref. [8]. Reproduced from Ref. [8].

shown in Fig. 4.6(c) along with the total damping rate,

gBA =
gL + gR

2
�

gn

4
, (4.47)

in Fig. 4.6(d).
The particle current contributions are (almost 4) antisymmetric about

lines where the corresponding junction has a Cooper-pair re sonance.
Regions of positive (negative) damping arise when a resonance is de-
tuned, so energy is on average, absorbed (emitted) from the resonator
by the SSET. The charge noise contribution has a different symmetry,
as both Cooper-pair resonances affect the island charge (discussed in
detail in the previous chapter). The overall damping, shown in Fig.
4.6(d), is dominated by gL and gR; the in�uence of gn is weak be-
cause the frequency scale for the SSET is set byEJ, which is much
larger than w0, as can be seen from Eqn. (4.47).

For comparison we reproduce the results of Ref. [8] in Fig. 4.6(e).
The asymmetry which we have calculated, shown in Fig. 4.6(d), is
very similar to that observed in the experiment. We can also m ake
a simple comparison by computing the maximum and minimum val -
ues of gBA, which occur for ng = 0.5, and bias voltages below and
above the centre of the DJQP resonance (see Fig.4.6(d)). We obtain
maximum and minimum damping rates with the same magnitude,
475 MHz, but opposite sign, in accord with the symmetry of the
problem. Measured maximum and minimum damping rates [ 8] were
� 550 MHz and � � 35 MHz respectively.

4 There is a perfect antisymmetry when the voltage dependence of the quasiparticle
rates is neglected; including this dependence, as is the case in Fig. 4.6 where we use
the full energy dependent rates discussed in Sec.2.3, leads to small deviations.
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Our calculation �ts with the experiment on the low bias side, t hough
agreement is less good on the high bias side. The difference is prob-
ably due to the low resistance junctions ( RJ = 27 kW � RQ) used [8,
10, 62], which allow higher-order processes (beyond the DJQP cycle),
whose contribution to the current (and hence to the damping) in-
creases with the bias voltage. We can see this by looking at the mea-
sured I-V characteristic of the device (reproduced here in F ig. 4.7),
where we see that the current does not have the simple Lorentz ian
shape associated with the DJQP (see Sec.2.4.2), but also has a back-
ground which seems to increase approximately linearly with bias volt-
age. The contribution of this background is small for voltag es below
the DJQP, but is large above the resonance.

We next look at the effective back-action temperature of the oscil-
lator, which can be found from the noise using the expression Eqn.
(3.16). We are again able to split this expression up into the parts due
to the separate contributions from the particle currents in each junc-
tion, and the charge noise, as we did for the damping. These results
are presented in Fig. 4.8. We see that the symmetry of each part is the
same as that found for the damping, with regions of positive a nd neg-
ative T, corresponding to the positive and negative damping region s.
The experimentally measured results for this quantity are r eproduced
in Fig. 4.8(e). We see that our results are able to reproduce the same
basic form as the experimental results, but for this quantit y we do not
�nd such good quantitative agreement, even on the low bias sid e of
the resonance. We calculate that the minimum positive tempe rature
(i.e. at the point with the strongest cooling) is 420mK, where as in the
experiment it is measured as being as low as 100� 40mK. This differ-
ence cannot be explained by the same mechanisms as the damping,
since the low temperature occurs on the low voltage side of re sonance,
where the background current is small. However, in the exper iment,
the effective temperature is a derivedquantity which relies on accu-
rate measurement of the damping as well as the symmetrised no ise.
The processes needed for measuring these additional quantities can
introduce a lot of extra sources of potential error, and even a very
small difference in the values can result in a large differen ce in the
inferred temperature.

4.4 josephson quasiparticle resonance

We now go on to discuss the asymmetric quantum current noise n ear
to the JQP resonance. The evolution matrix at the JQP resonance can
be calculated in a very similar way to the DJQP, using the mode l
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Figure 4.8.: Contributions to the inverse temperature (in K � 1) from parti-
cle currents in (a) left, 1/ TL, and (b) right, 1/ TR, junctions; (c)
contribution from the charge noise, 1/ Tn and (d) total inverse
temperature, 1/ TBA. Dashed lines indicate the two Cooper-pair
resonances, which overlap at the DJQP resonance. For compari-
son, in (e) we reproduce the measured results, from Ref. [8], for
the effective temperature of the oscillator due to the SSET.
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presented in Sec.2.3. If we count charges travelling through the left
(coherent) junction then we obtain,

M (c ) =

0

B
B
B
B
B
B
B
@

0 G2 0 � iJ iJe2ic

0 � G2 G1 0 0

0 0 � G1 iJe� 2ic � iJ

� iJ 0 iJe2ic id � G1/2 0

iJe� 2ic 0 � iJ 0 � id � G1/2

1

C
C
C
C
C
C
C
A

, (4.48)

where the basis for the matrix is given by,

jr (c ) ii = ( r 00,0, r 11,0, r 22,0, r 02,� 2, r 20,2)T. (4.49)

Again, q labels the coherence, as for the DJQP. The eigenvectors nec-
essary for calculating the current from Eqn. ( 4.12) are,

hh0j = ( 1, 1, 1, 0, 0), (4.50)

j0ii =
1

E2
J

�
2 + G1

G2

�
+ G2

1 + 4d2

0

B
B
B
B
B
B
B
@

E2
J + 4d2 + G2

1

E2
J

G1
G2

E2
J

2dEJ � iEJG1

2dEJ + iEJG1

1

C
C
C
C
C
C
C
A

, (4.51)

where we recall, EJ = 2J. This gives the same result for the average
current as obtained by counting methods in Sec. 2.3.2,

hI i =
2E2

JG1

4d2 + G2
1 + E2

J

�
2 + G1

G2

� . (4.52)

If we count at the right-hand junction we obtain a very differ ent
form for the evolution matrix,

M (c ) =

0

B
B
B
B
B
B
B
@

0 G2eic 0 � iJ iJ

0 � G2 G1eic 0 0

0 0 � G1 iJ � iJ

� iJ 0 iJ id � G1/2 0

iJ 0 � iJ 0 � id � G1/2

1

C
C
C
C
C
C
C
A

, (4.53)

where at the right junction the basis is,

jr (c ) ii = ( r 00,0, r 11,0, r 22,0, r 02,0, r 20,0)T. (4.54)

Since the transport is incoherent at this junction q is always zero. We
see that counting at the right junction attaches phases to the inco-
herent decay terms G1(2) since it is these which are responsible for
the current through the right-hand junction. Even though th is evolu-
tion matrix has a completely different form, the charge cons ervation
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Figure 4.9.: Zero frequency Fano factor F(0) for the JQP resonance as a func-
tion of EJ/ Gat zero detuning d = 0.

enforced on the system ensures that the average current at the right-
hand junction is exactly the same as at the left-hand one.

It is again possible to obtain exact numerical results in the same
way as for the DJQP, by diagonalising the c-dependent evolution ma-
trices for either the left or right junctions given above. As we will
show, the �nite frequency noise is very different in each junc tion be-
cause of the different transport mechanisms. Transport thr ough the
left junction is entirely coherent and inherently quantum m echanical,
whereas transport through the right junction is stochastic and clas-
sical. In contrast to the average current and zero frequency noise,
which are the same at both junctions, the �nite frequency nois e is
able to give signatures of this different behaviour.

Throughout the remainder of this section, we will assume G1 =
G2 = G, for simplicity, as we did for the charge noise in the previou s
chapter.

4.4.1 Zero-frequency noise

At w = 0 we can extract an analytic form for the Fano factor F(w) =
S(w)/ hI i ,

F(0) = 2

 

1 �
4E2

J(E2
J + 2G2)

(3E2
J + G2 + 4d2)2

!

, (4.55)

which is the same as was found using a variety of other techniq ues
in Refs. [53, 4, 93]. We show F(0) as a function of EJ/ G at d = 0 in
Fig. 4.9. In the incoherent limit, EJ, d � G, we �nd the Fano factor,
F(0) ! 2, this can be understood [4] since, in this limit, the Cooper-
pair effectively breaks up on the island instantly and the qu asipar-
ticles tunnel straight away. This then leads to an effective charge
transferred of 2e each cycle, and so the noise is twice the Poissonian
value. In the strong Josephson limit, EJ � G, d, we �nd the noise
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(a)

(b)

Figure 4.10.: Finite frequency Fano factor for (a) the right junction an d (b)
the left junction in the incoherent ( EJ = 0.1G) limit. The detun-
ings are d = 0 (solid black curve), d = 0.5G(dashed red curve)
and d = � 0.5G(dotted, blue curve). The d = � 0.5Gcase is not
shown for the right-hand junction, since this is the same as t he
d = 0.5Gresult.

is suppressed to F(0) ! 10/9, which is much closer to the Poisso-
nian limit. As with the DJQP, we �nd a minimum in the noise when
the timescales for Cooper-pair oscillations and quasipart icle decays
match, EJ = G/

p
2, F(0) = 2/5. The presence of this dip is under-

stood in the same way as for the DJQP (see Sec.4.3.1).

4.4.2 Finite frequency noise

Our technique also gives access to the �nite frequency quantu m cur-
rent noise. We begin by examining the incoherent limit EJ � G. In
Fig. 4.10 we plot results for the Fano factor of (a) the right junction
and (b) the left junction for various detunings. We see that t he noise
in the right junction is always symmetric in frequency, and c hanging
the detuning only has a small effect around w = 0. The transport at
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(a)

(b)

Figure 4.11.: Finite frequency Fano factor for (a) the right junction an d (b)
the left junction in the coherent ( EJ = 5G) limit. The detunings
are d = 0 (solid black curve), d = G (dashed red curve) and
d = � G (dotted, blue curve). The d = � G case is not shown
for the right-hand junction, since this is the same as the d = G
result.
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this junction is purely due to the incoherent tunnelling of q uasipar-
ticles, there is no way for emission/absorption asymmetry t o arise,
and the spectrum is always symmetric. This is no longer the ca se for
the left-hand junction, where the transport is purely due to coherent
Cooper-pair oscillations. We now see results which are remi niscent of
those at the DJQP, where detuning from resonance introduces a large
asymmetry to the spectrum. This detuning only affects the Co oper-
pair transport, it can only affect the noise at frequencies c lose to the

relevant eigenvalue of the evolution, jw j �
q

E2
J + d2, far from this

the noise must be detuning independent.
In Fig. 4.11, we plot similar results for the coherent transport limit

EJ � G. We see that, as with the DJQP, the spectrum at the left junc-
tion develops peaks at the frequency of the Cooper-pair osci llations,
which become asymmetric depending on the choice of the detun ing
parameter, d. The spectrum for the right hand junction is very dif-
ferent. We see dips at the frequency of the Cooper-pair oscillations,
the current in the incoherent junction has weaker correlati ons at this
frequency. While the large amount of Josephson oscillations are occur-
ring at the left junction (which cause the peaks in FL(w)), the current
though the right-hand lead becomes more ordered. Quasiparticle de-
cays can only happen when the Cooper-pair has a high probabil ity
of being on the island which is controlled by the frequency of the
coherent oscillations.

The high frequency behaviour also shows signi�cant differen ces be-
tween the two junctions, we �nd, for frequencies w � EJ, G, d, that the
noise in the right-hand junction is Poissonian, FR(w) ! 1, whereas
the noise in the left junction vanishes, FL(w) ! 0. This can be un-
derstood in the same way that we understood high frequency re sult
of 1/3 obtained for the DJQP. In the left junction only Cooper -pair
oscillations which have a distinct frequency are present, a t high fre-
quencies these make no contribution to the noise and so it vanishes,
whereas in the right junction only quasiparticle decays are present,
these are Poissonaian and so contribute at all frequencies, giving
purely Poissonian noise at high frequencies. We note that all of these
results, when symmetrised, match exactly with the semi-ana lytic re-
sults presented in Ref. [4].

4.5 cooper -pair resonances

We are able to calculate the current noise around the Cooper-pair res-
onances in an analogous way. We work using slightly differen t equa-
tions of motion than for the charge noise. Previously, we wer e able
to write evolution in the eigenstate basis jr ii = ( r aa, r bb, r ab, r ba)T,
where exact diagonalisation is possible. However, in the ei genstate
basis the transfer of charge is complicated by the fact that, in this
basis, the decays are not between states with de�nite charge, and
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so attaching the relevant phases in the evolution matrix is c ompli-
cated. To simplify this process, we instead work in the basis where
the transferred charge is an easy to identify quantity, the charge basis.
The charge basis for the pth resonance at the left-hand junction is,

jr (c ) ii = ( r 00,0, r 11,0, r 01,� ( p+ 1), r 10,p+ 1)T. (4.56)

Full expressions for the counting variables, N̂0
L and N̂0

R, can be writ-
ten as power series in J, as we did for n̂0 = n̂(0) + n̂(1) + . . . (see
appendix B), since they are given by,

N̂0
L = � k̂0�

n̂0

2
, N̂R = k̂0�

n̂0

2
. (4.57)

However, in this section we will ignore any terms which arise at high
order, and only deal with the leading order contributions fr om n̂(0)

and k̂(0) , since these are the dominant contributions.
We introduce the counting �eld, c , to the evolution described by

the q = 0 case of the matrix in Eqn. (2.85). This equation describes
the full evolution within each doublet, including the evolu tion of the
coherences. It is rotated back to the charge basis by using the inverse
of the transformation in Eqn. ( 2.67), which gives,

M =

0

B
B
B
B
@

� A GL + GR + B C C�

A � (GL + GR + B) � C � C�

D E F G

D � E� G F�

1

C
C
C
C
A

, (4.58)

where we have de�ned the quantities,

A = c4gab+ s4gba, (4.59)

B = c4gba+ s4gab, (4.60)

C = iJp/¯h + cs(s2 � c2)gcoh, (4.61)

D = iJp/¯h + sc[2(s2gba � c2gab) + ( c2 � s2)gcoh], (4.62)

E = � iJp/¯h + sc[2(c2gba � s2gab) + ( s2 � c2)gcoh], (4.63)

F = � 2iDE/¯h �
�

GL + GR

2

�
� (1 + 2s2c2)gcoh, (4.64)

G = � 2s2c2gcoh, (4.65)

with c = cosa and s = sin a. We have used the non-RWA versions of
the inter-doublet transition rates, GL(R) , from Eqns. (2.75)-(2.76), since
these are simpler in the charge basis. The extra elements arise from
rotating the intra-doublet rates, from Eqn. ( 2.78), to the charge basis.
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Figure 4.12.: Current close to the p = 1 resonance. The black solid line
shows the calculation based on the evolution matrix, Eqn.
(4.58), while the red, dashed line shows the analytic result from
Eqn. (2.91). The parameters are the same as in Fig.2.10 (b).

We can now attach counting �elds to these terms in the same way
as we did for JQP and DJQP. This results in the following evolu tion
matrices where we count at the left and right junctions,

M L(c ) =

0

B
B
B
B
B
B
B
@

� A
GLe� ic + GR

+ Be� i( p+ 1)c
C C� e� i( p+ 1)c

Aei( p+ 1)c � (GL + GR + B) � Cei( p+ 1)c � C�

D Ee� i( p+ 1)c F Ge� i( p+ 1)c

D � ei( p+ 1)c E� Gei( p+ 1)c F�

1

C
C
C
C
C
C
C
A

,

(4.66)

M R(c ) =

0

B
B
B
B
@

� A GL + GReic + Be� ipc C C� e� ipc

Aeipc � (GL + GR + B) � Ceipc � C�

D Ee� ipc F Ge� ipc

D � eipc E� Geipc F�

1

C
C
C
C
A

,

(4.67)

noting that the only differences between the two matrices ar e whether
a phase is attached to theGR or GL term and for M R we make the re-
placement (p+ 1) ! p. Transitions between resonant states transport
p + 1 Cooper-pairs through the left junction, but only p through the
right junction, since one remains on the island. The changes made
to the basis now make it harder to exactly diagonalise the evo lution
matrix, Eqn. (4.58), and so we use numerical diagonalisation to �nd
the current and noise.

87



Figure 4.13.: Zero frequency Fano factor, F(0), for the p = 1 Cooper-pair
resonance, as a function of EJ. All other parameters are as in
Fig. 2.10 (b) and are kept constant.

To check these expressions we �rst compare the average current
calculated using the analytic expression, Eqn. (2.91), and that calcu-
lated using the above matrices. In Fig. 4.12, this is shown close to
the p = 1 resonance, for the same parameters as Fig.2.10 (b). We
see that the two approaches give very similar results, except for very
close to the resonance, where the conditions on the RWA, which was
used to �nd the analytic equation, are at their weakest. The cu rrent
is independent of whether we use M L or M R, as required by charge
conservation.

4.5.1 Zero-frequency noise

We now go on to look at the behaviour of the zero-frequency cur rent
noise. It is more dif�cult to choose parameters for the Cooper -pair
resonances than for the JQP and DJQP, since there is no obvious sin-
gle parameter which can describe the behaviour of the system such as
EJ/ G. For the CPRs, both the inter-doublet and intra-doublet dec ay
rates, G and g, as well as the coherent oscillation frequency, Jp, de-
pend on EJ; the incoherent decays are actually environment induced
transitions between states linked by a Josephson oscillation [45]. We
plot the zero frequency noise as a function of EJ, keeping all other
parameters constant in Fig. 4.13. The noise has a dip which looks
very much like those seen for the JQP and DJQP resonances. How-
ever this dip is not due to timescale matching: we are always in the
limit Jp � G. The dip occurs as we cross the resonance; the results are
taken at constant ng and V, and so we cross the resonance at a partic-
ular value of EJ. This can be seen more clearly in Fig.4.14, where we
show the zero-frequency Fano factor as a function of both EJ and ng.
We also plot the position of the resonance, de�ned as the maxim um
in the current, as the black, dashed curve and the location of the min-
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Figure 4.14.: Zero frequency Fano factor, F(0), for the p = 1 Cooper-pair
resonance as a function of EJ and ng. All other parameters are
as in Fig. 2.10 (b) and are kept constant. The black, dashed line
shows the resonance (where DE = 0) and the white, dashed
line shows the charge degeneracy point (where naa = nbb).

imum in the zero frequency charge noise (where r aa = r bb, see the
discussion in Sec.3.7) as a white, dashed line. The minimum in the
Fano factor corresponds to the same point as the minimum in th e
zero frequency charge noise. At this point the transport is m ore or-
dered. Fluctuations between eigenstates within the same doublet do
not cause charge �uctuations in the counting variable, the e igenstates
are equal mixtures of the two charge states which make up a dou blet.
It is only the decays described by the inter-doublet transit ions which
cause the current to �uctuate.

4.5.2 Finite-frequency noise

We show the �nite frequency Fano factor around the p = 1 resonance
in Fig. 4.15 at both the left (a) and right (b) junctions, using the same
parameters as we did for the charge noise, shown in Fig. 3.7. We
are able to obtain an approximate description of the noise sp ectrum
around the peaks by performing a coherent calculation, outl ined in
appendix E. The resulting spectra are given by,

Si(w) =
�
�
� I

( i)
ab

�
�
�
2

"
r aaGcoh

(w � wab)2 + G2
coh

+
r bbGcoh

(w � wba)2 + G2
coh

#

, (4.68)

where i = L, R labels the junction and the matrix elements are,

I (L)
ab = �

2eiJp(p + 1)
h̄

, I (R)
ab =

2eiJpp
h̄

. (4.69)

We see that this spectrum has many similarities to the charge noise
spectrum discussed in Sec.3.7, except, in this case, the central peak
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Figure 4.15.: Frequency dependent Fano factor in the vicinity of the p = 1
Cooper-pair resonance. The parameters are the same as in Fig.
3.7 (b). The dashed lines show the locations of the constant
voltage sweeps presented in Fig. 4.16
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Figure 4.16.: Frequency dependent Fano factor close to the p = 1 Cooper-
pair resonance. The red lines show FL(w), while the black lines
show FR(w). The solid curves are the full spectrum, while the
dashed lines show the coherent part from Eqn. (4.68). In (a) we
show the spectrum directly on resonance, where the current i s
maximised, (b) shows the spectrum at the charge degeneracy
point where r aa = r bb, (c) shows the spectrum when the system
is further detuned from resonance. The location of these sli ces
are shown as the dashed lines in Fig. 4.15.

91



is not present. The peaks are located atw = � wab, the frequency
of the coherent oscillation. In Fig. 4.16, we show slices through the
spectrum at three different values of V / Vres. The numerical results
are plotted as solid lines, while the dashed lines show the re sult of the
coherent calculation. Figure 4.16 (a) shows that the spectrum is not
symmetric at the centre of the resonance, but instead the symmetric
point occurs at a higher voltage, at the same point as for the charge
noise, when r aa = r bb, shown in Fig. 4.16 (b). This is an effect of
the intra-doublet transitions, as discussed in Sec. 3.7. The heights of
the peaks are well approximated by the analytic expression, the small
discrepancy seen in Fig. 4.16 (a) and (b) is because these results are
taken close to the resonance, in the regime where the RWA starts to
break down. Further away from resonance, as shown in Fig. 4.16 (c),
the coherent model exactly captures the nature of the peaks.

The noise in the left-hand junction is always larger than tha t in the
right-hand junction, except at w = 0 when they must be equal. From
the coherent calculation we �nd,

FL(� wab)
FR(� wab)

=
(p + 1)2

p2 . (4.70)

At the left-hand junction each coherent oscillation involv es p+ 1 Cooper-
pairs, while at the right only p Cooper-pairs are involved, this leads
to the much larger coherent peaks in FL(w).

In the high frequency limit, we �nd that the spectrum becomes
symmetric, as is the case for the other resonances. All of thequantum
oscillations which give rise to the asymmetry do not contrib ute at
high frequencies. Exact, analytic forms for the high freque ncy noise
can be found as,

FL(¥ ) = 1 +
(p + 1)2(Ar 00 + Br 11) � [(p � 1)GL + ( p + 1)GR]r 11

hÎ i
,

(4.71)

FR(¥ ) = 1 +
p2(Ar 00 + Br 11) � p(GL + GR)r 11

hÎ i
, (4.72)

where the density matrix elements are evaluated in the stead y state.
The noise in the left junction is again always higher than the right. If
we look at the difference in the noise at the two junctions we �n d,

FL(¥ ) � FR(¥ ) =

�
(p + 1)2 � p2

�
(Ar 00 + Br 11) + ( GL � GR)r 11

hÎ i
.

(4.73)

The incoherent dynamics consist of the intra-doublet decay s, which
take the system between eigenstates within the doublet and t he inter-
doublet decays, which take the system from the n = 1 to the n = 0
island state via a decay at either the left or right junction. These two
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effects give different contributions to Eqn. ( 4.73) above. The intra-
doublet decays give rise to the �rst term: these decays carry p + 1
Cooper-pairs at the left junction and p at the right junction. The
difference in the inter-doublet decays at the left and right junctions
gives rise to the other term.

4.6 summary and future work

In this chapter we have presented a new technique for calcula ting the
current-current correlation function, which is valid for s ystems with
steady state quantum coherence. We have shown how the technique
is particularly suited to calculating the quantum current n oise in sys-
tems with Josephson junctions such as the SSET. The current noise
spectrum shows similar features for all of the current reson ances
which we study. Peaks occur in the noise spectrum at the relev ant
Josephson frequency when the transport is coherent. The asymmetry
of these peaks is controlled by the detuning from resonance. The zero-
frequency noise shows a dip when the timescales for the coherent and
incoherent processes match (this is not possible for the CPRs). The
high frequency noise contains information about only the in coherent
decay process; the coherent processes have a de�nite frequency asso-
ciated with them, and so make no contribution in the limit w ! ¥ .

Close to the DJQP resonance, we were able to use our technique
to closely match the results of the experiment in Ref. [ 8], using no
�tting parameters. This allowed us to con�rm their interpreta tion of
the results as being due to the asymmetry in the emission/abs orption
rates of the SSET.

The technique developed in this chapter opens up many oppor-
tunities for further investigation. In the �rst instance, it would be
interesting to develop a more complete calculation of the ba ck-action
damping and temperature of an oscillator coupled to the curr ent at
the JQP and CPRs. An interesting comparison could then be made
with the corresponding results for a gate coupled oscillato r [15].

When a resonator is coupled to the gate of the SSET, the current
noise also contains important information about its dynami cs. Apply-
ing our method to a model including the SSET and resonator wou ld
allow us to calculate the quantum current noise in such a syst em for
the �rst time. In Ref. [ 95], it was found that the classical current noise
spectrum contains peaks at the frequency of the oscillator, it would
be interesting to look at the asymmetry in the quantum noise o f these
peaks. It is likely that the asymmetry is related to the distr ibution of
energy in the oscillator, and so could be used as a way of measuring
the dynamical state of the oscillator.
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It would be interesting to think about higher order unsymmet rised
current correlations, such as the third order cumulant or sk ewness of
the distribution,

S(3)(w1, w2) =
Z ¥

� ¥

Z ¥

� ¥
eiw1t1eiw2t2hdÎ (t2)dÎ (t1)dÎ (0)i dt1dt2. (4.74)

It should be possible to generalise our technique to calculate this
quantity, but at present it is unclear exactly what the unsym metrised
skewness, means or how it could be measured in an experiment [109].
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Part I I I.

Classical Dynamics
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5
T H E D R I V E N S E T R E S O N ATO R

In this chapter , we turn to a look at a system which involves me-
chanical as well as electrical degrees of freedom. We will examine

the dynamics of the normal state SET capacitively coupled to a har-
monic oscillator in the presence of an external drive. We use a very
simple model to describe the system, but our approach is easy to
generalise to more complex systems. Effects like those we describe
could occur in a range of systems. From carbon nanotubes with em-
bedded quantum dots [ 11, 20], to nanomechanical shuttles in which
the central nanoparticle or quantum dot is allowed to oscill ate [17],
from resonators coupled to quantum dots [ 16, 18], to molecular de-
vices, in which a molecular orbital acts as a resonator [19] as well as
the SET-resonators [25, 10] which we explicitly study here.

The model we use is an extension of the one presented in Refs.
[110, 111, 112, 113], for undriven SET-resonator systems. The oscil-
lator acts as a movable plate for the gate capacitor, thus the current
through the SET is dependent on the position of the oscillato r. How-
ever, the charge on the island of the SET also exerts a �uctuating elec-
trostatic force on the resonator and so the dynamics of the resonator
are in�uenced by the charge travelling through the transist or. It is
these fully coupled dynamics which lead to the complex behav iour
of the system. It has been shown that for weak SET-resonator cou-
pling the SET damps the resonator's motion driving it into a t her-
mal state [110], but for stronger coupling the dynamics become more
complex [112, 114, 113] and no simple picture for the behaviour of the
resonator exists. We present a generalisation of the existing models
to take into account a periodic driving force applied to the r esonator,
this could be provided by, for example, an rf �eld [ 11], ultrasonic
waves [16] or using an AFM in self-oscillation mode [ 18].

The back-action of the SET on the oscillator can act like a ther-
mal bath provided the oscillator's position does not affect the charge
dynamics too strongly. This picture can break down in three w ays.
Firstly, if the back-action damping is negative, the SET emi ts energy
into the oscillator which can be driven into a limit cycle wit h large
amplitude oscillations [ 46]. Secondly, if the electromechanical cou-
pling is too strong then �uctuations in the system's traject ory can
cause the dynamics to become non-linear [112, 114]. Finally, recent ex-
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periments [11, 20] have found that by driving the mechanical motion
strongly, it is possible to induce non-linear behaviour due to charge
transport. In this chapter we will explore how the interplay between
an external drive and electrical transport can lead to non-l inear be-
haviour in the SET-resonator system.

Previous work [ 115, 116] has studied the electronic properties of
similar systems in the presence of a driving force. These pieces of
work were only interested in the electrical transport prope rties, and
did not consider the behaviour of the oscillator, which we fo cus on
here.

Beyond the non-linear dynamics, it is also interesting to lo ok at
some of the thermodynamic properties of the system. In small sys-
tems thermodynamic quantities, such as the work done by an ex ternal
force, do not have well de�ned values. Fluctuations in the dyn amics
lead the thermodynamic quantities to have distributions, t he nature
of which can give insights into the behaviour of the system [ 30]. Exact
results for these distributions are available for a harmoni c oscillator
in contact with a true thermal bath [ 117, 30]. This gives us a sensitive
test of how far the analogy of the SET acting on the resonator as a
thermal bath [ 110, 113] can go.

The structure of this chapter is as follows. In Sec. 5.1 we outline
the model of the driven SET-resonator which we use. We derive clas-
sical master equations which describe the evolution of the p robability
distributions of both the SET and resonator. In Sec. 5.2 we present so-
lutions to the master equations in the regime where the drivi ng force
is not strong enough to cause the dynamics to become non-linear. In
this section we also brie�y review the results previously ob tained for
the undriven system. In Sec. 5.3 we show how it is possible to go
beyond the linear theory, and give calculations of the frequ ency shift
and damping of the oscillator due to the SET in the non-linear re-
gion. We show how these results predict that the system can have
more than one stable solution, with different amplitudes of oscilla-
tion. This then leads to Sec.5.4 where we examine the nature of the
bistability which can exist when �uctuations are able to dri ve transi-
tions between the stable states. Finally, in Sec.5.5, we present some
preliminary results examining the thermodynamic properti es of the
system. We examine the distributions of the work done by the d riv-
ing force, and show how these can give important information about
the dynamics of the resonator.

5.1 model

The SET-resonator system is sketched schematically in Fig.5.1. The
SET island is coupled to the left and right leads by tunnel jun ctions
with equal capacitances, CJ, and a bias, V is applied symmetrically
across the SET. A gate electrode is used to tune the operatingpoint
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Figure 5.1.: Circuit diagram of the SET resonator system. The SET is coupled
by tunnel junctions to two leads. A gate capacitor is used to
tune the operating point, one plate of which is mechanically
compliant to provide electro-mechanical coupling.

of the island. The island capacitor consists of one plate whi ch is me-
chanically compliant, giving rise to a position dependent c apacitance
Cg(x). This means that, as the plate moves the operating point of
the SET changes and, as the charge on the island �uctuates, the elec-
trostatic force on the plate changes, giving rise to electro-mechanical
coupling. As long as the displacement of the resonator is small com-
pared to its equilibrium displacement, x � d, we can make the linear
approximation for the dependence of the gate capacitance on the po-
sition of the oscillator [ 110],

Cg(x) = C0
g

�
1 �

x
d

�
, (5.1)

where C0
g is the capacitance when the oscillator is in its equilibrium

position.
The dynamics of the SET are determined by the relative sizes of

the energy scales in the system. These are the charging energy of the
island, EC = e2/2 CS (where CS = 2CJ + Cg(x) is the total capacitance
of the island), the thermal energy kBT and the energy scale of the
drain-source voltage eV. We choose to work in a regime where the
charging energy is the dominant energy scale. At low enough t em-
peratures, and if the island is small enough, then the chargi ng energy
can dominate over thermal effects. The voltages are tuned such that
only the two island states n = N, N + 1 are available, as described in
Sec.2.1.
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5.1.1 Equations of motion

We begin by writing down the Hamiltonian for the SET-resonat or
system. This consists of three parts, one for each subsystemand one
for the external drive, F(t), and is given by,

H (n) = EC[n � ng(x)]2 +
p2

2m
+

mw2
0x2

2
� xF(t), (5.2)

where ng(x) = Cg(x)Vg/ e is the, position dependent, polarisation
charge induced by the gate, m the mass of the resonator, and w0

its natural frequency. The �rst term is the electrostatic ene rgy intro-
duced in Sec. 2.1. and the other terms are simply the Hamiltonian
of a harmonic oscillator in the presensce of an external driv e. Since
constants can be removed from the Hamiltonian without chang ing
the dynamics, and we only wish to keep terms at linear order in x/ d
we may rewrite this as [ 110],

H (n) = EC

h
n2 � 2nn0

g

�
1 �

x
d

�i
+

p2

2m
+

mw2
0x2

2
� xF(t), (5.3)

where n0
g = C0

gVg/ e. For n = N we obtain,

H (N) = EC(N2 � 2Nn0
g) +

p2

2m
+

mw2
0x2

2
� (x � Dx)F(t), (5.4)

where we have made a shift in the origin of position, x ! x + Dx,
with,

Dx =
� 2ECNn0

g

dmw2
0

. (5.5)

For the state n = N + 1, we �nd,

H (N + 1) = EC[(N + 1)2 � 2(N + 1)n0
g] +

p2

2m

+
mw2

0(x � x0)2

2
�

mw2
0x2

0

2
� (x � Dx)F(t),

(5.6)

where x0 = � 2NgEC/ mw2
0d is the change in the equilibrium displace-

ment of the resonator when the SET changes between the charge
statesn = N and n = N + 1 [110].

We can then use Hamilton's equations to write down the equa-
tions of motion for the position and velocity of the resonato r from
the above Hamiltonians,

�x =
¶H
¶p

=
p
m

= v, (5.7)

�v =
�p

m
= �

1
m

¶H
¶x

= � w2
0(x � nx0) +

F(t)
m

, (5.8)
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where we now rede�ne n ! n � N, so that the two states available
are n = 0, 1. Equations (5.7) and (5.8) are, in a sense,stochasticdif-
ferential equations [ 118], they do not have a unique solution since the
evolution of n is not deterministic. From these equations, we see that
an effect of the SET is to change the equilibrium point of the h ar-
monic oscillator, depending on the charge state of the islan d. The
force on the oscillator due to the SET is not entirely random, as in
the Langevin equation for an oscillator in a thermal bath [ 72], since it
also has a systematic component: it is driven by �uctuations on the
SET island which are not completely uncorrelated events.

We next need to calculate the rates at which electrons tunnel through
the SET. The voltage applied across the SET makes if favourable for
electrons to tunnel from left to right across the transistor , these are
the only processes allowed at zero external temperature wit hout the
oscillator (see Sec.2.1). As we will see, the position of the oscillator
is able to affect these rates: processes which are forbiddenfor the
uncoupled SET are possible and processes which are allowed in the
uncoupled system can become suppressed. This means that we need
to allow not only for the possibility of electrons tunnellin g from left
to right through the transistor, but also from right to left. There are
then four possible processes which can change the charge state of the
island: if the island is empty, then electrons can tunnel fro m the left
or right leads onto the island, and if the island is occupied, the elec-
tron can tunnel off into either the left or right lead. We deno te these
four rates by G�

L(R) where +( � ) represents transitions which go in

the same (opposite) direction to the applied bias, and L(R) denotes
transitions at the left (right) junction. These are shown sc hematically
in Fig. 5.1.

At zero temperature, the rates are calculated within the orthodox
model[44]. They are simply related to the energy differences between
the relevant states, as for the uncoupled system presented in Sec.2.1,

G�
L(R) = Q(DE�

L(R) )
DE�

L(R)

RJe2 (5.9)

where Q(�) is the Heaviside step function, RJ is the junction resis-
tance, and theDE terms are the free energy difference associated with
each of the transitions. The free energy differences can be calculated
from the Hamiltonian as,

DE�
L = � EL � mw2

0x0x, (5.10)

DE�
R = � ER � mw2

0x0x, (5.11)

where,

EL = EC

�
1 � 2n0

g

�
+

eV
2

, (5.12)

ER = � EC(1 � 2n0
g) +

eV
2

. (5.13)
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The extra term, eV/2, is due to the change of energy in the leads,
because of the tunnelling of an electron [41]. This term is then positive
if the electron is travelling with the bias, and is negative i f the electron
tunnels in the opposite direction to the bias. We see that these rates
are the same as those in Sec,2.1, but with the addition of an extra
position dependent term [ 110].

We can simplify the description by introducing a set of scali ng pa-
rameters, which allow us to write the equations in a dimensio nless
form [ 110]. We scale time as t = t t̃ , where t is the electron tunnel
time, t = ( G+

L + G+
R ) � 1 = 2RJe2/ eV, and length is scaled by x = x0x̃,

this then gives the dimensionless form of Hamilton's equati ons,

�̃x = ṽ, �̃v = � e2( x̃ � n) + f (t), (5.14)

where e = w0t is the dimensionless oscillator frequency, and f (t) =
F(t)t 2/ mx0 is the dimensionless driving force. The dimensionless
tunnel rates are then given by G= G̃/ t , which gives,

G̃�
L = Q(� DL � kx̃)( � DL � kx̃), (5.15)

G̃�
R = Q(� DR � kx̃)( � DR � kx̃), (5.16)

where k = mw2
0x0/ eV, is the strength of the dimensionless coupling

between the SET and resonator andDL(R) = EL(R) / eV which satis�es
DL + DR = 1 [110]. From now we will always use the dimensionless
forms of quantities, and so will drop the tilde.

We now see how it is possible for the position of the oscillato r to
change which tunnel processes are allowed in the SET, and even block
transport completely, through the so-called distortion blockade[112, 114].
We see that, if the oscillator's position is such that x > xmax, where
xmax = DR/ k, then the only possible allowed processes are those
in which an electron tunnels onto the island G+

L , G�
R and so trans-

port through the SET stops. The same occurs when x < xmin , with
xmin = � DL/ k, when the only allowed processes are those in which
an electron tunnels off the island.

It is possible to use the above expression for the Hamiltonia ns and
tunnel rates to �nd classical master equations, which descri be the
evolution of probability distributions for the state of the SET and the
resonator. These take the form of classical Liouville equations, which
include both the Hamiltonian evolution and the dissipative parts due
to electron tunnelling [ 110],

�P0(x, v; t) = f H0, P0g + ( G+
R + G�

L )P1 � (G+
L + G+

R )P0, (5.17)

�P1(x, v; t) = f H1, P1g � (G+
R + G�

L )P1 + ( G+
L + G+

R )P0, (5.18)

where P0(1) (x, v; t) is the probability that, at time t, the SET is in the
state n = 0(1), with the resonator position and velocity given by x
and v respectively. The Hamiltonians for n = 0(1), H0(1) are the di-
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mensionless form of Eqns. (5.4)-(5.6). The evolution under the Hamil-
tonian is given by a Poisson bracket[118], de�ned by,

f H, Pg =
¶H
¶x

¶P
¶p

�
¶H
¶p

¶P
¶x

. (5.19)

In the following section, we show how it is possible to �nd exac t
solutions to these master equations in the limit where the de cay rates
are linear functions of position.

5.2 linear theory

It is possible to make progress analytically when the electr on tran-
sition rates have a linear dependence on the position coordi nate, i.e.
when the dynamics of the system never take it into a region whe re
the Q(�) functions are important. This occurs as long as the condi-
tion kjxj � DL,R is true for all trajectories explored by the system.
This amounts to ignoring all effects of the distortion block ade, and
is equivalent to taking the limits xmin ! � ¥ , xmax ! ¥ [110, 113].
When this is the case, the only rates which are non-zero are those in
which electron tunnel from left to right, G+

L(R) . This allows us to sub-
stitute both the Hamiltonians and the correct decay rates in to Eqns.
(5.17) and (5.18) to obtain,

�P0 = [ e2x � f (t)]
¶P0

¶v
� v

¶P0

¶x
+ ( DR � kx)P1 � (DL + kx)P0,

(5.20)

�P1 = [ e2(x � 1) � f (t)]
¶P1

¶v
� v

¶P1

¶x
� (DR � kx)P1 + ( DL + kx)P0.

(5.21)

These can be added together to give the Fokker-Planck equation for
the full probability distribution of the resonator, indepe ndent of the
state of the SET [110],

�P(x, v; t) = [ e2x � f (t)]
¶P
¶v

� e2 ¶P1

¶v
� v

¶P
¶x

. (5.22)

The master equations can be used to �nd equations of motion for all
moments of the position and velocity of the resonator, solvi ng these
provides a full dynamical description of the resonator,

¶
¶t

hxnvmi =
ZZ

dx dvxnvm �P(x, v; t). (5.23)

We then integrate by parts to �nd the relevant parts of Eqn. ( 5.22) [110,
113],

ZZ
dx dvxnvm ¶P

¶x
= � nhxn� 1vmi , (5.24)

ZZ
dx dvxnvm ¶P

¶v
= � mhxnvm� 1i , (5.25)
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which allow us to �nd a closed set of expressions for the �rst mo-
ments [110],

�hxi = hvi , (5.26)
�hvi = e2(hP1i � h xi ) + f (t), (5.27)
�hP1i = DL � h P1i + khxi , (5.28)

where hP1i =
RR

dxdvP1.

5.2.1 Undriven system

We brie�y review the results previously [ 110, 112, 113] obtained when
no drive is present, f (t) = 0. In this case the set of equations for
the �rst moments, Eqns. ( 5.26)-(5.28), have the unique steady state
solution,

hxi ss =
DL

1 � k
, hvi ss = 0, hP1i ss =

DL

1 � k
. (5.29)

We can then simplify the analysis by shifting the equations o f the �rst
moments by their steady state values [110], to give,

d �x = dv, d �v = e2(dP � dx), d �P1 = kdx � dP1, (5.30)

where we de�ne the shifted variables as, e.g., dx = hxi � h xi ss. We can
then Fourier transform these equations, to obtain a single equation for
dxw [110],

dx(w)( � w2 + w2
eff + iwgeff) = 0, (5.31)

where dx(w) is the Fourier transform of the position co-ordinate,

dx(w) =
Z ¥

� ¥
eiwtdx(t)dt. (5.32)

We have also de�ned the quantities,

w2
eff = e2

�
1 �

k
1 + w2

�
, geff =

e2k
1 + w2 . (5.33)

The physical motivation for these de�nitions is that Eqn. ( 5.31) has
many similarities to the equation of motion of a classical da mped, har-
monic oscillator. The quantities in Eqn. ( 5.31) then represent the natu-
ral frequency and damping rate of this oscillator. However, written in
this form, weff and geff are frequency dependent, and so the dynamics
cannot be exactly mapped to a harmonic oscillator without fu rther ap-
proximation. This is because the full dynamics are non-Markovian, the
motion of the oscillator depends on the charge state, which d epends
on the resonator position in the past. However, in the weak co upling
limit, k � 1, we can make the approximation that the response of
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the resonator is strongly peaked around w = e[110]. Hence, we can
exactly map the system onto the equation for a damped harmoni c
oscillator with the replacement w ! e in Eqn. (5.33),

dẍ + geffd �x + w2
effdx = 0. (5.34)

Since geff is always positive for the normal state SET [ 15], and can
be quite large, we do not add any extrinsic damping, gext, arising
from the resonator's couplings to its thermodynamic surrou ndings
(e.g. via the clamping points of the beam). We always assume the dy-
namics are such that the back-action effects dominate,geff � gext [110,
112, 10, 18]. This is often the case in experiments, for example it was
found that geff/ gext � 20 in Ref. [18] and geff/ gext � 50 in Ref. [10].

It is also possible to analyse the charge dynamics of the SET.For
example, we can calculate the average dimensionless current passing
through the SET. In the steady state this is found as,

hI i = ( DL + khxi )hP0i = ( DR � khxi )hP1i . (5.35)

If we choose the tunnel rates, DL(R) , such that the SET is at thecharge
degeneracy pointso that average charge on the islandhP0i = hP1i = 0.5,
we �nd that the current is maximised, and is given by hI i = 0.25. This
amounts to choosing,

DL =
1
2

(1 � k). (5.36)

This value for the detuning keeps the system as far from the Co ulomb
blockade boundaries (see Sec.2.1) as possible, and so ensures that
the linear approximation works over the largest range of par ame-
ters [110, 112, 113]. This is therefore the value used for all of the
results presented in the remainder of this chapter.

We can verify that Eqn. (5.34), the damped harmonic oscillator
equation, gives an accurate representation of the resonator's dynam-
ics by comparing the solution to that obtained via numerical simu-
lation of the full system dynamics. The numerical calculati ons are
based on Monte-Carlo simulations of individual trajectorie s, full de-
tails of which can be found in appendix F. In Fig. 5.2, we show a com-
parison of position of the oscillator as a function of time, c alculated
as both the solution to Eqn. (5.34), and the average over many runs of
the numerics, using initial conditions hxi = hvi = hP1i = 0. We see
that the analytics give a good approximation to the numerica l results,
and so the approximations made are consistent, at least for the mean
dynamics. Since the dynamics are not deterministic, it is ne cessary to
obtain information about the full probability distributio n, P(x, v), to
fully understand the behaviour of the system. The average po sition
and velocity do not give the complete picture, because of thi s we now
turn to examine the variances in the distributions of the osc illator
variables.

104



Figure 5.2.: Average over many trajectories taken by the SET, the red, dashed
line is the position of the oscillator, the black, solid line is the
average charge on the island,hP1i . We also show as a blue, solid
line the analytic solution to the damped, SHO equation for hxi .
The parameters used arek = 0.05,e = 0.3.

The mean dynamics in the weak coupling limit are well describ ed
by mapping the problem onto that of a classical damped harmon ic
oscillator. This leads us to ask if the complete dynamics can be ap-
proximated by a harmonic oscillator in a thermal environmen t. If this
is the case, we expect that the distributions of position and velocity
should be Gaussian, and so the mean and variance of position and
velocity are enough to completely describe the distributio ns. We �nd
equations for the second cumulants of the system, following the same
procedure as for the means [110],

d �x2 = 2dxv, (5.37)

d �v2 = 2e2(dv1 � dxv), (5.38)

d �xv = e2(dx1 � dx2) + dv2, (5.39)

d �x0 = dvN � kdx2 + DRdx1 � DLdx0, (5.40)

d �x1 = dv1 + kdx2 � DRdx1 + DLdx0, (5.41)

d �v0 = � e2dx0 � kdxv + DRdv1 � DLdv0 � e2hP0ihP0i , (5.42)

d �v1 = � e2dx1 + kdxv � DRdv1 + DLdv0 + e2hP0ihP1i , (5.43)

where we have de�ned, for example, dx2 = hx2i � h xi 2 and dx0 =
hx0i � h xihP0i , with hx0i =

RR
dxdvP0x. These have the steady state

values [110],

dxv = dv1 = dv0 = 0, (5.44)

dx1 = � dx0 = hP1ihP0i , (5.45)

dx2 =
hP1ihP0i

k
, (5.46)

dv2 = e2(1 � k)dx2. (5.47)
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Figure 5.3.: Distribution of the position and velocity of the resonato r x and
v in the steady state for weak electro-mechanical coupling k =
0.05. The solid black lines are the numerical results, the dashed
red lines show the Gaussian approximation calculated using the
analytic results for the mean and variance discussed in the m ain
text.

We can then compare these results with those of a harmonic oscillator
in contact with a thermal bath, where it can be shown that the s ystem
obeys equipartition of energy with dv2 = w2dx2 [72]. This is also
true for these results with the frequency given by the renorm alised
oscillator frequency weff = e

p
1 � k, which is valid in the limit e � 1.

This then lets us identify the effective temperature of the S ET as,

Teff =
w2

effhP1ihP0i
k

. (5.48)

We can use these results to fully describe the distribution o f the posi-
tion and velocity of the resonator, assuming it is Gaussian, and com-
pare them to the numerical results. The distribution of both the po-
sition and velocity are shown in Fig. 5.3, we see that, to a very good
approximation, over three orders of magnitude the numerica l results
coincide with those predicted by the above expressions.

The probability distribution function for the resonator is , to a very
good approximation, thermal at low coupling strengths [ 110, 113]. We
can understand this result by considering the central limit theorem. Al-
though the electron tunnelling events are not Gaussian (for a tunnel
junction the distribution is Poissonian), in the weak coupl ing limit a
large number of (independent) events are needed to have an appre-
ciable effect on the resonator. We �nd, from the central limit theorem,
that the distribution of a large number of events is Gaussian indepen-
dent of the distribution of the individual events. This give s rise to
the observed thermal properties of the resonator when it is w eakly in
contact with the SET. In the limit of large k this picture breaks down.
Each electron tunnel event has a signi�cant effect on the dyna mics,
and so the central limit theorem no longer applies. This effe ct is ex-
amined in detail in Refs. [ 112, 114, 113], and we do not discuss it
further here.
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5.2.2 Driven Dynamics

We now examine the effects of including an external driving f orce.
We will concentrate on the case of a periodic applied drive, w ith drive
strength f0 and frequency wD ,

f (t) = f0 sin wD t. (5.49)

The presence of the drive means that the �rst moments of the dis tri-
bution do not have a stationary solution, but in the long time limit
they must oscillate at the same frequency as the drive. Therefore, so
we make the following ansatz for the �uctuating part of the po sition,

dx = Ce� iwD t + C� eiwD t , (5.50)

where we have again de�ned dx = x � h xi sswith hxi ss the steady state
undriven solution from Eqn. ( 5.29). This is still the relevant quantity
since the force has zero average,

R
f (t) dt = 0, when the integral is

over a complete period. This gives rise to the equations for t he shifted
quantities,

d �x = dv, d �v = e2(dP � dx) + f (t), d �P = kdx � dP. (5.51)

We are able to substitute the ansatz, Eqn. (5.50), into the expression
for d �P, and �nd that in Fourier space this becomes,

dP(w) = k
�
C

d(w + wD )
1 + iw

+ C� d(w � wD )
1 � iw

�
, (5.52)

which can be converted back to the time domain to �nd,

dP(t) =
k

1 + w2
D

(dx � dv). (5.53)

This allows us to write an expression for d �v,

d �v = � e2
�

1 �
k

1 + w2
D

�
dx �

e2k
1 + w2

D

dv + f (t), (5.54)

which is exactly the equation of a driven harmonic oscillato r with
renormalised frequency and damping due to the SET. These are given
by,

w2
eff = e2

�
1 �

k
1 + w2

D

�
, geff =

e2k
1 + w2

D

. (5.55)

These results are very similar to those in the undriven case, Eqn.
(5.33), but now it is the frequency of the drive which enters these
expressions in place of the natural frequency of the oscilla tor.

We can exactly solve the effective equation of motion for the damped,
driven, harmonic oscillator,

dẍ + geffd �x + w2
effdx = f (t), (5.56)
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which allows us to �nd the coef�cients from our ansatz, Eqn. ( 5.50),

C =
i f0(w2

eff � w2
D ) � f0geffwD

2(w2
eff � w2

D)2 + 2g2
effw

2
D

. (5.57)

We can check this result by looking at the response of the system to
an applied drive. In Fig. 5.4 we plot the amplitude of the position
oscillation of the resonator,

Ax = 2jCj, (5.58)

to various drive frequencies, for parameters such that the r esponse
is always linear, k = 0.05, e = 0.3, f0 = 0.01. The horizontal, red
line shows the critical amplitude, Ac, above which the system starts
to go non-linear. At charge degeneracy, this can be written s imply
in terms of the distance between the points where the tunnel r ates
become non-linear,

Ac =
xmax � xmin

2
=

1
2k

. (5.59)

For the coupling strength used in the �gure, this means that th e linear
theory is valid for Ax < 10. As can be seen in Fig.5.4 the response
of the system to this drive strength is always much less than t he criti-
cal amplitude, and so the linear theory matches the numerica l results.
We see that the response is a Lorentzian, centred around the renor-
malised frequency of the oscillator (the wD dependence of weff and
geff is negligible), this is the expected result for a linear harm onic
oscillator.

If we look at the behaviour of the second moments, we �nd that
the system shows slightly different behaviour to thermal ha rmonic
oscillator. In a truly thermal environment, there is no depe ndence
of the temperature on the co-ordinates of the oscillator. Fo r the SET-
resonator this is no longer the case, as we explain below.

To analyse the effective temperature of the system, we need to ex-
amine the variance of the position and velocity distributio n, as we
did for the undriven system. We can obtain a set of ODEs for the
second moments using the same techniques as before, �nding exactly
the same set of equations as (5.37)-(5.43). Although the equations are
the same, the results are slightly different: the term hP0ihP1i in these
equations oscillates due to the drive at frequency 2wD

1 even in the
steady state. This produces oscillations in the variances of the posi-
tion and momentum of the resonator: the behaviour is like a th ermal
environment with a position dependent temperature.

An example of the full position distribution over one period of the
drive is shown in Fig. 5.5 (a). The mean is well described by the linear
analytic result from Eqn. ( 5.50). The oscillations in the variance occur

1 At charge degeneracy we �nd hP1i = 1/2 + A sin(wD t + f ) so hP0ihP1i = 1/4 +
A2 sin2(wD t + f ), away from charge degeneracy there are also oscillations atwD .
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Figure 5.4.: Amplitude of the position oscillations, Ax, as a function of drive
frequency, wD . The solid, black line is the numerical result, the
dashed, black line the analytic result from Eqn. ( 5.58). The red,
dashed line shows the limit above which the linear theory doe s
not hold (see text). The parameters used are f0 = 0.01,e = 0.3,
k = 0.05.

Figure 5.5.: Oscillations in both the mean and variance of the position distri-
bution over a period of the drive. The parameters are e = 0.3,
k = 0.05, f0 = 0.05 and wD = 0.002p . In (a) we show the full
position distribution, the solid, black line shows the anal ytic so-
lution for the mean. In (b) we show the variance, the solid lin e is
the numerical result, the dashed line shows the solution to E qns.
(5.37)-(5.43).
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because of the oscillations in hP0ihP1i , as described above. This can
be thought of as a change in the effective temperature of the bath at
each point in the cycle since Teff µ hP0ihP1i as in Eqn. (5.48). These
oscillations cannot be seen if the drive is faster than the relaxation.
We require wD � geff, since, if the drive is too fast, then the oscillator
simply feels the average of the temperature over a single per iod. It
is not able to respond quickly enough to changes in its enviro nment.
In Fig. 5.5, we have wD / geff � 1.39, and so the oscillations are visi-
ble, but they are not as large as the variation in temperature which
the oscillator feels throughout the cycle. It is not practic al to simu-
late the dynamics in the regime where the oscillator is drive n slowly
enough such that it is always in thermal equilibrium; for wea k cou-
pling, geff is very small. However, we are able to examine this regime
by solving the set of coupled ODEs (Eqns. (5.37)-(5.43)), which, as
we can see from Fig. 5.5 (b), give a good approximation to the nu-
merical results. In Fig. 5.6, we plot the variance over a single period
for drive frequencies wD /2 p = 0.01 (black), wD /2 p = 0.001 (blue),
and wD /2 p = 0.0001 (green), along with the variances correspond-
ing to the maximum and minimum temperatures (red, dashed lin es)
experienced by the oscillator during the cycle. The damping rate
geff = 0.0009 and so the green curve satis�es the condition wD � geff,
and so we see the variance oscillates between the extremes oftem-
perature experienced during the cycle. In this case, the oscillator is
in the adiabatic limit, the oscillations are slow enough that the system
is always in equilibrium with an effective bath, whose tempe rature
varies sinusoidally as hP0ihP1i .

5.3 beyond linear response

It is possible, by increasing the drive strength slightly, t o drive the
resonator into regions where the linear theory breaks down. If any
part of the trajectory enters the region where tunnelling in the SET
is forbidden, then the dynamics can become much more complic ated.
In this section we will examine the response of the oscillato r to a
stronger drive, and develop ways of analytically describin g the dy-
namics.

5.3.1 Non-linear damping and frequency shift

Increasing the drive strength above that used in Fig. 5.4 means that
the simple linear expressions for damping and frequency shi ft in Eqn.
(5.55) are no longer valid. When the system is outside of the lin-
ear response region, the effective damping and frequency shift of the
oscillator will be modi�ed. The simplest way to calculate suc h a mod-
i�cation is to calculate the fraction of time that the oscilla tor spends
in the region where xmin < x < xmax and modify the effective cou-
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Figure 5.6.: Oscillations of the variance of the position distributio n over one
period of the drive for different drive frequencies. The bla ck
curve is wD = 0.02p , the blue is wD = 0.002p and the green is
wD = 0.0002p . The red, dashed lines show the variance which
corresponds to the maximum and minimum temperature expe-
rienced during the cycle.

pling strength by this factor. This method is inspired by the approach
in Ref. [113], used to calculate the renormalised frequency at strong
coupling strengths.

To make progress, we �rst assume that the position of the oscil lator
is harmonic, and oscillates at the frequency of the drive (we ignore
the phase difference between the position and the drive sinc e it does
not feature in what follows),

dx(t) = Ax sin(wD t). (5.60)

Outside the linear region, when one of the Heaviside functio ns in the
decay rates is important, transport through the SET stops [ 112, 114].
This means that the oscillator effectively becomes decoupled from its
environment, and so is not damped or frequency shifted by the SET
in the parts of its trajectory outside of the linear boundary . This leads
us to introduce the amplitude dependent effective coupling ,

kA =
wDk
2p

Z 2p
wD

0
Q (DL + kx(t)) Q (DR � kx(t)) ) dt, (5.61)

where x(t) = dx(t) + hxi ss. This expression renormalises the linear
coupling strength by the fraction of the drive period which t he mean
spends in the damped region. We can �nd the result of the integr al
at charge degeneracy as,

kA =

8
<

:

k Ax < 1
2k

2k
p sin� 1

�
1

2kAx

�
Ax � 1

2k

. (5.62)
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Figure 5.7.: Amplitude dependent (a) damping and (b) frequency of the o s-
cillator using the simple model of Eqn. ( 5.63). Parameters are
e = 0.3,k = 0.05 andwD = 0.29.

This expression can be then be used to �nd approximate, amplit ude
dependent, expressions for the damping and frequency shift ,

w2
eff(Ax) = e2

�
1 �

kA

1 + w2
D

�
, geff(Ax) =

e2kA

1 + w2
D

. (5.63)

Examples of these functions are shown in Fig. 5.7. In the region
where the amplitude is still in the linear region, Ax < Ac, the damp-
ing and frequency shift remain at their linear values. Above Ac we
see the damping decrease towards zero and the frequency move to-
wards e. In the limit Ax ! ¥ , the system spends less and less
time inside the damped region. This limit is, of course, not e xperi-
mentally relevant, since when the back-action damping beco mes too
small, geff < gext, the dynamics become dominated by the external
damping provided by the true thermal environment.

The oscillations will only be stable when they occur at certa in val-
ues of Ax. To predict these values, we need to derive an equation of
motion for Ax [47]. This is given by,

�Ax =
1

Ax

�
(x � h xi ss) �x +

v �v
w2

D

�
. (5.64)

We can derive the terms on the right hand side of Eqn. ( 5.64) by using
the fact that the resonator position obeys the effective equation,

ẍ + geff(Ax) �x + w2
eff(Ax)x2 = f0 sin wD t, (5.65)

where the amplitude dependent damping and frequency are cal cu-
lated from Eqn. (5.63). This can be solved using the same ansatz, Eqn.
(5.50), as for the linear case, but now C(Ax) is a function of amplitude.
To make progress with Eqn. (5.64), we need to make some simplifying
assumptions. If we assume that the dynamics of Ax are slow on the
timescale of the force (we will verify these conditions self -consistently
later), we can introduce the quantity [ 47],

Ãx =
wD

2p

Z 2p
wD

0
Ax dt, (5.66)
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Figure 5.8.: Self-consistency condition for f0 = 0.015,e = 0.3, k = 0.05, for
two different drive frequencies (a) wD = 0.29: we see only one
crossing in the linear region, (b) wD = 0.298: there are three
solutions, one in the linear region, one unstable and one hig h
amplitude stable solution. The solid, black lines show g(Ax)
from Eqn. (5.69), while the dashed, red lines are constant at 0, to
make the crossing points apparent.

which has the equation of motion,

dÃx

dt
= �

geff( Ãx) Ãx

2
�

f0Re[C( Ãx)]
wD Ãx

. (5.67)

We then �nd C( Ãx) from the solutions to Eqn. ( 5.65) and obtain the
simpli�ed evolution equation,

dÃx

dt
= g( Ãx), (5.68)

where,

g(A) = �
geff(A)

2

"

A �
f 2
0

A
�
(w2

eff(A) � w2
D )2 + g2

eff(A)w2
D

�

#

. (5.69)

The slow dynamics condition above is then equivalent to jg(A)j �
wD A, which is automatically satis�ed close to a �xed point, and for
a fast enough driving force.

For the oscillations at a given amplitude, Ax, to be stable, there
are two conditions which must be met. Firstly, we require tha t the
amplitude corresponds to a �xed point, i.e. g(A fp ) = 0. Secondly, we
require that amplitudes in the vicinity of these �xed points d ecay to
the �xed point solution. This is equivalent to the condition [ 119, 47],

dg
dAx

�
�
�
�
Ax= A fp

< 0. (5.70)
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From Eqn. (5.69), we �nd that the possible stable amplitudes are given
by2,

Ax =
f0q

(w2
eff(Ax) � w2

D )2 + g2
eff(Ax)w2

D

. (5.71)

This equation can have either 1 or 3 solutions depending on th e choice
of parameters, examples of both cases are shown in Fig.5.8. The sta-
bility of these solutions can be deduced from the gradient of the black
curves at the crossing point as described above. We see that,in the
case with only one crossing point, the system is in the linear regime,
and the stable solution is simply the linear one. In the case w ith
three crossing points, the central one gives an unstable solution, the
small amplitude result is in the linear region and the large a mplitude
solution is a new stable �xed point for the system, where the da mp-
ing and frequency shift are reduced from the linear values. T his be-
haviour, where the system has multiple stable solutions wit h different
amplitudes, is found in many other driven non-linear system s, such
as the Duf�ng oscillator [ 119]. The Duf�ng oscillator can be seen as a
harmonic oscillator with a position dependent spring const ant,

k(x) = k0 + ax2. (5.72)

In this system, at large enough drive strength, there are reg ions where
two stable amplitude solutions exist [ 119]. The non-linearity we �nd,
although similar to that of the Duf�ng oscillator, is differe nt in detail.
In particular, for a Duf�ng oscillator, one �nds a quadratic am plitude
dependence of the resonant frequency, which is very differe nt from
the form found in Fig. 5.7, for the SET-resonator.

We can use the non-linear damping and frequency shift, along with
the conditions on stability of the solutions to Eqn. ( 5.71), to �nd the
response of the system, Ax, as a function of drive frequency. An
example of the resulting curve can be seen in Fig. 5.9. At low fre-
quencies, below the blue shaded region and at frequencies wD > e,
the non-linear results exactly match the linear theory. The response
is below Ac, and Eqn. (5.71) has only one stable solution; therefore
there are no modi�cations to the linear results.

In the blue shaded region, (a), in Fig. 5.9, the amplitudes grow
beyond Ac, and so the linear and non-linear calculations give differ-
ent results. The linear calculation leads to a Lorentzian peak centred
around weff(0). However, in the non-linear case, the frequency shift
becomes smaller (leading to a larger effective frequency) for Ax > Ac.
In the blue shaded region, this means that the drive frequenc y is fur-
ther from resonance than in the linear case, and hence the amplitude
is smaller.

2 In the limit A ! ¥ , we �nd geff(A) ! 0, but this only decays as 1/ A and so
geff(A)A is still �nite.
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Figure 5.9.: The solutions to the self-consistency expression, Eqn. (5.71), as a
function of drive frequency, for f0 = 0.02,e = 0.3 and k = 0.05.
The black solid lines show the stable solutions, the red dashed
line is the unstable solution. We also show the linear result as the
black dashed line, the amplitude at which the linear theory f ails,
Ac, as the horizontal blue dashed line, and the linear response
frequency, weff(0), as the vertical dashed green line. The shaded
regions (a) and (b) are discussed in the text.

In the green shaded region, (b), for drive frequencies close to (but
below) e, a high amplitude solution exists because of a positive feed -
back mechanism. In this regime, as the amplitude grows beyon d Ac,
the reduction in the effective frequency brings the system c loser to
resonance with the drive. Hence, increasing the amplitude f urther
(an effect which is further enhanced by the reduction in geff with in-
creasing Ax) causes the system to eventually stabilise. This is because,
when the amplitude and weff(Ax) become suf�ciently large the sys-
tem moves signi�cantly away from resonance.

When the drive frequency becomes larger than e, the high ampli-
tude solution no longer exists. If the damping and frequency shift
were not amplitude dependent the system would simply oscill ate
at a slightly lower Ax, due to being more detuned from resonance.
In fact, as this happens the effective frequency shifts furt her away
(weff decreases with decreasing amplitude), reducing the amplit ude
of the oscillations further: the system spirals back down to the linear
branch.

We can better understand this behaviour by introducing an ef fec-
tive potential landscape for the system. We de�ne the potenti al from
the equation of motion for Ax, Eqn. (5.68),

U (Ax) = �
Z Ax

0
g(a) da. (5.73)

This potential then, naturally, has a gradient of zero at the solutions
to the self-consistency expression, Eqn. (5.71), the stable �xed points
correspond to minima in this potential. We note that the pote ntial has
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Figure 5.10.: Examples of the potential landscape, calculated from Eqn.
(5.73). The parameters are the same as those in Fig.5.8

a divergence at Ax = 0, as can be seen from the second term in Eqn.
(5.69), because of this we shift the potential by an arbitrary cons tant,
so that the minimum is U (Ax) = 0.

Example potential landscapes with one and two minima are sho wn
in Fig. 5.10, these correspond to the same parameters as Fig.5.8. The
unstable solution is located at the maximum between the pote ntial
wells of the stable solutions. As we increase wD and sweep through
the resonance, the large amplitude solution appears as a second min-
imum, as seen in Fig. 5.10 (b).

We can compare the predicted stable amplitudes to our numeri cal
results for systems which enter the non-linear region. We ex pect the
dynamics to be much more complicated than for the linear case , since
the system has two stable solutions with different amplitud e oscilla-
tions. We show numerical results as the solid blue and green curves
in Fig. 5.11. The results for the high amplitude state are qualitatively
the same as those calculated above, but there is some quantitative dif-
ference because of the simple model we used to calculate the renor-
malised damping and frequency shift. The green and blue nume ric
curves differ only in their initial conditions, the results in green show
a sweep through frequency from low to high, whereas the blue c urve
shows a sweep from high to low frequency. The initial conditi ons
for each data point are the �nal results of the previous one. Th e
direction of sweep has a large effect on the results observed in the
region where two solutions are predicted. If the �uctuation s about
the mean are not large enough to escape the potential well whi ch the
system is initially in, then it remains in that state. This me ans that
when we sweep down from large frequencies, the oscillator ca nnot
enter the high amplitude branch until the barrier between th e two
states becomes small enough. We see that the blue curve jumpsto
the high amplitude before the low amplitude state ceases to e xist. At
some point these �uctuations are able to overcome the potent ial bar-
rier, and the system transitions to the high amplitude state which has
a deeper potential well (see Fig. 5.10 (b)), and so the system cannot
escape back to the low amplitude state.
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Figure 5.11.: Comparison of the numerical results to those obtained fro m
the self-consistency expression. The solid green and blue lines
show the numerical results for forward and backward fre-
quency sweeps respectively. The black, dashed line shows the
stable analytic solutions. The parameters are the same as Fig.
5.9.

We can produce a more complex model and obtain a better result
for the damping and frequency shift, by following the techni que out-
lined in Refs. [47, 18]. We assume that a constant amplitude solu-
tion to the full non-linear expression exists, and use this t o map the
equations onto that of damped, driven harmonic oscillator. We can
then identify the terms which correspond to an amplitude dep endent
damping and frequency shift.

We begin with the set of coupled equations for the �rst moments ,
including the non-linear rates but decoupling the second mo ments
which are present, so that, for example, we assumehx1i = hxihP1i [47].
This approximation has been found to give good agreement for the
mean dynamics of various systems [120, 47, 121, 93]. We write the
equations of motion as,

ẍ � e2(P � x) = f (t), (5.74)
�P = GL(x)(1 � P) + GR(x)P, (5.75)

where we have dropped the angle brackets for compactness and writ-
ten P = hP1i . We may then numerically solve the expression for P(t),
Eqn. (5.75), using the ansatz for x(t) in Eqn. (5.60). We wish to map
the equation for ẍ onto that for a damped, driven harmonic oscillator.
Making a comparison between Eqn. (5.74) and the driven oscillator
equation we identify,

� e2P = geff �x + e2Dw2
effx, (5.76)

where we have de�ned the frequency shift,

w2
eff = e2(1 + Dw2

eff). (5.77)
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Figure 5.12.: Amplitude dependent (a) damping and (b) frequency of the o s-
cillator. Solid, black lines show the solution using Eqn. ( 5.78),
red, dashed lines show the results using Eqn. (5.63). Parame-
ters as in Fig. 5.7.

We can then multiply Eqn. ( 5.76) by either cos wD t or sin wD t, and
integrate over one period of the drive to �nd the damping and fr e-
quency shift [ 46],

geff = �
e2

p A

Z 2p
wD

0
P(t) coswD t dt, (5.78a)

w2
eff = e2

 

1 �
wD

p A

Z 2p
wD

0
P(t) sin wD t dt

!

. (5.78b)

These expressions then give a simple physical interpretation of the
damping and frequency shift, the damping is due to the out of phase
(with respect to x) component of the average island charge, while the
frequency shift is due to the in phasecomponent [46, 18].

It is possible to again extract the amplitude dependent damp ing
and frequency shift, which can be used in the self-consistency ex-
pression, Eqn. 5.71, to �nd the amplitude of the stable solutions. In
Fig. 5.12, we plot the amplitude dependence of the damping and
frequency shift calculated using this method, along with th e simple
results calculated previously using Eqn. ( 5.63). We see that the cor-
rected damping and frequency shift is always larger than the sim-
ple estimates. This is because the damping does not just switch on
and off as the resonator travels through the non-linear boun dary, it
becomes reduced when the mean is close toxmin or xmax, as some
trajectories are in the uncoupled region. Therefore, the pr evious cal-
culation was always an underestimate.

We can again use this result to compare with our numerical re-
sponse curve. To simplify the numerics, we neglect the dependence
of geff and weff on wD . The results of this calculation are then shown
in the dashed, black curve in Fig. 5.13, we see that this now gives very
good agreement with the numerics (shown as the green, solid curve).
For simplicity, we have only shown the high amplitude stable branch
and the numeric sweep from low to high frequency. The amplitu de
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Figure 5.13.: Comparison of the numerical results (solid, green curve) with
those obtained using the more complex expressions in Eqn.
(5.78) (black, dashed curve). Same parameters as Fig.5.9.

of the oscillations is greater than that calculated using Eq n. (5.63),
since, although the damping felt by the oscillator is larger , so is the
frequency shift, this means that the oscillator is closer to resonance
and so has a larger response.

5.4 bistability

In the previous section, we saw how it was possible for the sys tem to
end up in a different state depending on the initial conditio ns used
for the numerics, but the stationary state was always either the high
or low amplitude solution. For weaker drive, it should be pos sible
to �nd bistable behaviour, where it is possible for �uctuations to drive
the system both from the high amplitude state to the linear st ate and
back again. The stationary solution should then contain com ponents
of both solutions. This type of behaviour is common to a wide r ange
of damped, driven non-linear systems, such as in the Duf�ng os cilla-
tor [ 119], the damped, driven Jaynes-Cummings model [ 120] and an
SSET-resonator close to the JQP [46, 47].

In Fig. 5.14, we show the response for a drive strength appropriate
for this. In the region where the low amplitude state becomes sta-
ble again, the numerical mean amplitude moves to a point betw een
the two stable solutions, and the steady state is a mixture of the two
solutions. This can be seen in Fig. 5.15, where we plot the position
distribution as we pass through the bistability at the point s labelled
(a) and (b) in Fig. 5.14. In Fig. 5.15 (a), we see that most of the distri-
bution is in the high amplitude state, with only a very low pro bability
of being in the low state whereas in (b), on the other side of th e bista-
bility, most of the distribution is in the low amplitude stat e.
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Figure 5.14.: Response of the system as a function of driving frequency, all
parameters are the same as in Fig.5.9, except f0 = 0.015. The
solid line shows the numerical response, the dashed line shows
the analytically predicted stable solutions using the damp ing
and frequency shift from Eqn. ( 5.78). The system shows a bista-
bility in the region where the linear solution reappears. Th e
dynamics at the points marked (a) and (b) are shown in Fig.
5.15.

��� ���

Figure 5.15.: Position distribution of the oscillator at the points lab elled (a)
and (b) in Fig. 5.14.
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Figure 5.16.: P(x, v) distributions. In (a) and (b) we show the full distribu-
tion far away from and at the bistability respectively. In (c ) and
(d) we show slices through these distributions at v = 0.

To check that the two states are indeed distinct, we need to make
sure that they do not cross in phase-space [119]. To do this, we look
at the probability distribution as a function of both the pos ition and
velocity of the resonator. This is shown in Fig. 5.16 (a) and (b), where
we show results away from the bistability and in the bistable region.
Both plots show rings in phase space, which means that the resonator
oscillates in its steady state [46, 47]. Away from the bistability there
is only one ring, which shows only one stable amplitude oscil lation,
while at the bistability we can see two rings; the system real ly does
have two distinct stable orbits. To make this more apparent, in Fig.
5.16 (c) and (d) we show slices through the phase-space distribut ion
at v = 0. We clearly see a double peaked structure in the bistable plot
which is absent in the case where only one stable solution is present.

The two orbits at the bistability are linked by noise, the edges of the
distributions around the rings overlap. The system is able t o switch
between the two states when �uctuations drive the high ampli tude
state to a lower orbit or vice-versa. This then leads to the steady state
containing both stable solutions as seen in Fig. 5.15. If the amplitude
of the two states is well separated, this cannot happen. For example,
when the drive is larger, the �uctuations cannot take the sys tem far
enough towards the other state to get over the potential barr ier. As a
result, the system stays in one or the other of the states, depending
on the choice of initial conditions.

The variance of the distribution is also a useful way of ident ifying
the bistability. We show results for the variance of the x distribution,
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Figure 5.17.: Variance of the x distribution dx2, averaged over one period of
the drive for various drive strengths, the green curve is f0 =
0.01 (linear), the blue curve is f0 = 0.015 (bistable) and the red
curve is f0 = 0.02 (non-linear).

averaged over one period of the drive, for various drive stre ngths, in
Fig. 5.17. The linear results, the green curve, show that the variance in
this region is approximately constant, with a shallow dip ne ar to the
resonance. This dip occurs because the average temperaturefelt by
the oscillator drops slightly when the amplitude of the osci llations in-
creases, this decreases the variance. We also show an example of the
variance in the high amplitude state as a red curve, this corr esponds
to the blue curve in Fig. 5.11 (the sweep from high to low frequency),
in this case the variance increases away from the linear result. This
can be understood by thinking about two trajectories which e xit the
linear boundary a small distance apart. As they are accelerated, de-
terministically, by the drive away from the damped region, t he sepa-
ration between the trajectories increases. This causes thevariance to
increase with the amplitude of the oscillations. The red cur ve in Fig.
5.17 shows the variance for the bistable system. We see a much larger
peak coinciding with the region of the bistability, the two s olutions
with different amplitudes cause the variance to sharply inc rease.

5.5 thermodynamics

Much recent attention has focused on studying the thermodyna mic
properties of small systems [122, 123, 124, 117, 30]. As systems are
made smaller, �uctuations become more important, and so eve nts
which apparently violate the second law of thermodynamics c an be-
come possible [30]. Questions about the distribution of thermody-
namic variables of small systems are addressed by �uctuatio n rela-
tions [31, 32]. These relations are able to give detailed information
about the properties of the distribution of thermodynamic q uantites,
such as the work done and heat transferrred in out-of-equili brium
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processes [117, 30]. These kinds of relations have very recently been
used to examine the thermodynamics of transport in mesoscop ic de-
vices [33, 34, 35].

One simple way in which we can look at this type of behaviour,
in the driven SET-resonator, is to examine the work done by th e ex-
ternal force [117, 30]. The work done over a period, t n = 2p n/ wD ,
corresponding to n periods of the driving force is given by,

Wn =
1
t n

Z t0+ t n

t0

f (t)v(t) dt. (5.79)

For macroscopic systems the work is a well de�ned quantity whi ch
only has one possible, positive, outcome. However, since the trajec-
tory of the oscillator is stochastic, if we integrate over a �n ite time,
then the work done can take on many different values and so has
a distribution. In particular, if the drive strength is small enough, it
is possible for the work done to be negative, apparently violating the
second law of thermodynamics [ 30]. This effect has been observed
in oscillators coupled to true thermal baths [ 124, 117, 30]. For the
thermal case, many exact results about this distribution ex ist, we will
discuss these in detail later. The work distribution provid es another
way in which we can look at how far the analogy between the SET
and a thermal bath goes.

We begin by looking at the behaviour of the system in the linea r
regime. In this case, we expect that the distribution should be ex-
actly Gaussian, as it is for a thermal environment [ 117, 30]. It is also
straightforward to calculate the mean work done for the line ar sys-
tem. This is simply given by,

hWni =
1
t n

Z t n

0
f (t)hv(t) i dt. (5.80)

Since we know hv(t) i from the time derivative of the linear ansatz,
Eqn. (5.60), we �nd,

hWni =
f 2
0 w2

Dgeff

2(w2
eff � w2

D )2 + 2g2
effw

2
D

, (5.81)

which is independent of integration time and, as required by the sec-
ond law, always positive.

The stochastic nature of the dynamics then leads to �uctuati ons
about this value. We show results for the work distribution, P(Wn),
for parameters in the linear region in Fig. 5.18, where we have used
the same parameters as Fig.5.4 and an approximately resonant drive
frequency. The integration times used are n = 1, 20, 50. We see all
of the features described above, the work distribution has a positive
mean value which does not change with n, but the distribution gets
narrower as the integration time increases. As n increases, the stochas-
tic nature of the dynamics gets averaged out, suppressing th e nega-
tive �uctuations in the work. This is the same behaviour as ha s been
observed in a thermal harmonic oscillator [ 124, 117].
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Figure 5.18.: Work distributions for n = 1 (blue), n = 20 (red) and n = 50
(green). The parameters used are the same as in Fig.5.4, and
the drive frequency is approximately resonant, wD / e = 0.98.
The coloured, dashed lines show Gaussian �ts to the data. The
vertical, black, dashed line shows hWn i as calculated from Eqn.
(5.81).

��� � ���� ���� ���� ���� ���� ���	 ���

��

��

��
��

��
��

��
�

��
�

��
�

Figure 5.19.: Work distributions for n = 1 (blue), n = 20 (red) and n = 50
(green). The parameters used are the same as in Fig.5.9, and
the drive frequency, wD / e = 0.985, and initial conditions were
chosen so that the system is in the high amplitude state. The
dashed lines show Gaussian �ts to the data.
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Figure 5.20.: Potential landscapes which correspond to (a) Fig. 5.18 and (b)
5.19. The black lines show the potential, while the red, dashed
lines show the effective linear potentials.

If we look at a system which is oscillating in the high amplitu de
state, we �nd that the distribution looks slightly different . An ex-
ample of this is shown in Fig. 5.19, where we see that the average
work is much larger than for the linear case, because of the larger
amplitude oscillations. We also see that the distribution i s no longer
Gaussian, trajectories with lower values of work occur more often
than for a Gaussian distribution, whereas trajectories wit h larger val-
ues of work occur less often. To understand this, it is useful to look
at the potential landscapes which correspond to Figs. 5.18 and 5.19.
These potentials are plotted in Fig. 5.20, along with the potential for
a linear system, with the value for geff and weff calculated at the sta-
ble amplitude. We note that these potentials are calculated using the
more complex expressions for geff and weff from Eqn. (5.78). In the
linear case, the potential follows the linear result at Ax < Ac, as ex-
pected, and since we know that the system does not �uctuate ab ove
this point, the behaviour is exactly linear and so has Gaussi an �uctu-
ations [117, 30]. For the non-linear potential, we see that the potential
is not well approximated by the linear result, because of the ampli-
tude dependence of geff and weff. The �uctuations in amplitude are
larger than in the linear case, which can be seen in Fig. 5.17; the sys-
tem has trajectories which reach into the shoulder in the pot ential in
the linear region. This causes the non-Gaussian behaviour seen in the
work distributions in Fig. 5.19.

We can also look at the work distribution around the bistabil ity.
Distributions for various values of n are shown in Fig. 5.21, where we
can clearly see that the two different stable states give separate peaks
in the distribution. As the integration time is increased, w e see that
the width of both subdistributions decreases. This is becau se we are
examining the system on timescales much lower than the switching
time of the system, where the switching time is the average time th e
system takes to get between to two stable states.

We can examine this switching time by integrating the system over
longer periods. We expect that if the integral goes over a lon g enough
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Figure 5.21.: Work distributions for n = 1 (blue), n = 20 (red) and n = 50
(green). The parameters used are the same as in Fig.5.14 and
the drive frequency chosen such that the system is bistable.

Figure 5.22.: Work distributions for long integrations in the bistable region.
Same parameters as Fig.5.21, but with n = 500 (blue),n = 1000
(red) and n = 5000 (green).

period the distribution should become unimodal. In the long time
limit, all of the trajectories spend some time in both of the s table
states. We can see this happening in Fig.5.22. We note that obtaining
good statistics for such long trajectories is dif�cult, and s o these re-
sults have much less averaging than those presented previously. We
see that, when we integrate over 500 periods, the distributi ons is still
bimodal, the curve for n = 1000 shows the central part of the distri-
bution becoming a peak. Finally, for 5000 periods, the distr ibution
becomes unimodal, on this timescale most of the trajectories are able
to explore enough phase-space to spend time in both stable states.
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5.5.1 Fluctuation relations

Results have recently become available [31, 32] which are able to quan-
tify the probability of observing rare events in small syste ms, such as
�uctuations in the work done which lead to a negative value of Wn.
These results give rise to �uctuation relations (see Ref. [30] for a re-
view), which relate the relative probabilities of positive and negative
energy �uctuations. To describe these �uctuation relation s we intro-
duce the symmetry functionfor the thermodynamic quantity Xn [30],

S(Xn) = ln
�

P(+ Xn)
P(� Xn)

�
, (5.82)

which relates the relative probabilities of trajectories w ith X = Xn, to
those with X = � Xn. There are then two forms that the �uctuation
relations can take. Firstly, the transient �uctuation relation describes
systems which have been perturbed from their equilibrium st ate for
a �nite amount of time [ 117, 30], in this case the symmetry function
obeys,

S(Xn) =
Xn

T
, (5.83)

where T is the temperature of the external environment. This rela-
tion is valid for all integration times, n. Secondly, there is the steady
state �uctuation relation, which is obeyed by systems in an out-of -
equilibrium steady state, such as in the presence of periodi c drive.
In this case the �uctuation relation only holds for in�nite in tegration
times [30],

lim
n! ¥

S(Xn) =
Xn

T
. (5.84)

It is the steady state �uctuation relation which we make use o f here.
We are able to test such relations for a limited range of param eters

in the SET-resonator. Exact results are available for a harmonic oscil-
lator driven by periodic force in a thermal environment [ 117, 30], and
it is these results with which we make a comparison. To do this , we
�rst introduce a slightly different de�nition of the work done

W̄n = t nWn (5.85)

which matches the de�nition used in the derivation of the �uct ua-
tion relations [ 117, 30]. The symmetry function for the work done,
integrated over n periods of the drive, is then,

S(W̄n) = ln
�

P(+ W̄n)
P(� W̄n)

�
. (5.86)

Then if the probability distribution is Gaussian, as it is fo r a harmonic
oscillator in a true thermal environment [ 117, 30], we �nd that the
symmetry function obeys,

S(W̄n) =
2

dW̄2
n

W̄n, (5.87)
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Figure 5.23.: The symmetry function in the linear regime, with k = 0.05,
e = 0.3, f0 = 0.01,wD = 0.98e. In (a) we show S(W̄n) for n =
1, 5, 10, 15, 20, 30, 50, 70 as solid lines (n increases as the gradient
decreases), the dashed line showsTeffS(W̄n) = W̄n which is
the long time limit prediction. In (b) we show the gradient
of S(W̄n) as a function of number of periods, n. The solid,
black line is the direct numerical result, the red, dashed li ne is
obtained from the numerical mean and variance, assuming the
distribution is Gaussian. The blue line shows the predictio n of
the linear theory for the long time limit.

where dW̄2
n is the variance of the work distribution. This shows that,

for a Gaussian distribution, the symmetry function is linea r, with a
gradient given by 2/ dW̄2

n . Comparing with the �uctuation relation,
Eqn. (5.84), we see that in the long time limit, this gradient obeys,

lim
n! ¥

2
dW̄2

n
=

1
T

, (5.88)

where T is the temperature of the environment. This then provides us
with a sensitive way of, not only examining how close the �uct uations
are to Gaussian, but also of determining the temperature of t he bath
in contact with the system.

Unfortunately, the parameters with which we can numericall y ex-
plore the symmetry function are limited. To calculate S(W̄n), we need
to have good statistics in the region W̄n < 0. This requires that the
average work done is small compared to the variance of the dis tri-
bution, even in the long integration time limit. This means t hat we
cannot explore the way in which changing the drive frequency causes
the system to explore the non-linear region, through resona nce effects,
as we did in the previous part of this chapter. This would make hW̄ni
too large. Instead we choose to look at the way in which changi ng the
strength of the electro-mechanical coupling, k, affects the symmetry
function, while keeping the drive strength weak enough to al low us
to study the negative work �uctuations.

To begin with, we look at the results in the region where the li near
theory holds. We plot the symmetry function for various inte gration
times, n, in Fig. 5.23 (a), as solid lines, along with the result expected
for the long time limit, as a dashed line, given by the effecti ve tem-
perature de�ned in Eqn. ( 5.48). As n is increased, the line moves
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Figure 5.24.: Gradient of the symmetry function varying with integrati on
time for the same parameters as Fig.5.23, but with k = 0.5. The
solid, black line is the direct numerical result, the red, da shed
line is obtained from the numerical mean and variance, assum -
ing the distribution is Gaussian. The blue line shows the pre -
diction of the linear theory for the long time limit.

towards the expected value, but the noise in the results incr eases.
This increase in noise is because it becomes more dif�cult to �n d tra-
jectories in which the work done is negative as the integrati on time
increases. The scale of the �uctuations decrease with increasing n as
the trajectories become closer to the mean when averaged over a large
number of periods.

We can then look at how the gradient of the symmetry function
varies with of the number of periods of integration, n. Results for this
are shown in Fig. 5.23 (b). We show two methods of calculating this
gradient. The �rst is using the direct numerical results to ex plicitly
calculate S(W̄n), and then the gradient is calculated directly from
this. These results are shown as the solid, black line. Secondly, we
can calculate the gradient by simply using the numerical val ue for the
mean and variance and assuming the distribution is Gaussian , then
Eqn. (5.87) gives direct access to the result. This calculation is shown
as a red, dashed line in Fig. 5.23. We see that the two methods of
calculating the gradient give the same result, since the distribution
is Gaussian, except at very large n, where the noise in the direct
numerical results increases. We can also see that, asn gets larger,
the gradient converges on the effective temperature, as de�n ed in the
linear theory. There is a slight difference between the two r esults,
which is because of the effect of �nite coupling [ 110, 113].

We next go on to look at the behaviour as we change the coupling
strength, k. In Fig. 5.24, we show results for the same parameters as in
Fig. 5.23, but for larger coupling, k = 0.5. We see that the distribution
is still well approximated by the Gaussian result at large n, but now
the long time limit does not converge with the linear tempera ture.
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Figure 5.25.: Effective temperature as a function of k, normalised by the lin-
ear result, Teff. The solid, black line shows Teff, the red crosses
are the temperature calculated from the long integration ti me
limit of the symmetry function, the blue dots show the temper -
ature calculated from the variance of the steady state v distri-
bution.

This is consistent with the results found for the variance of the steady
state undriven system [110]. We see that the temperature found is
higher than the linear result, this is expected since the �uc tuations are
ampli�ed when the oscillator spends time in the uncoupled reg ion.

In Fig. 5.25, we plot, as red crosses, the steady state temperature,
calculated in this way compared to the linear response resul t, as a
function of the electro-mechanical coupling, k. As the coupling is in-
creased, this temperature increases away from the linear result. As k
is increased, Ac decreases and so more and more of the resonator's
trajectory lies in the region where the SET becomes stuck in one
charge state (this is true, even without the drive [ 112]). This leads
to an increase in the effective temperature as described above. As
a comparison, we also plot, as the blue dots in Fig. 5.25, the vari-
ance of the corresponding steady state (undriven) velocity distribu-
tion. In the small k limit, this also gives the effective temperature of
the SET [110]. For k ! 0, we see the linear result, the work distri-
bution result and the variance calculation match. As the cou pling is
increased, the variance increases above the linear result,following the
results from the work distribution quite closely. There is n o signi�-
cant difference in the sensitivity of the temperature calcu lated using
either of these methods to the effects of �nite coupling.

5.6 summary and future work

In this chapter, we have examined the dynamics of the SET-resonator
in the presence of a periodic drive. We have seen how a straightfor-
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ward generalisation of the theory presented in Refs. [ 110, 112, 113]
is able to accurately predict the behaviour for weak drive st rengths,
when the non-linear parts of the decay rates are not importan t. In
this region, we found that the SET acts on the oscillator very much
like a thermal bath, the only slight complication to this pic ture occurs
in the limit wD � geff, when the temperature of the bath appears to
be position dependent.

We then described the non-linear dynamics. We presented two
techniques for calculating the amplitude dependent dampin g and
frequency renormalisation experienced by the oscillator. The �rst of
these allowed us to derive exact analytic results, but did no t give
good quantitative agreement with the numerical simulation s, and so
a more complex result was derived. Using these expressions we were
able to �nd the amplitude of the stable solutions. We found reg ions
where only one state is available to the oscillator, and othe rs where
two solutions are possible. For large drive strengths, the �n al state of
the oscillator in this region depends on its initial conditi ons, the po-
tential barrier between the two solutions is too large. For l ower drive
strength, it is possible to �nd regions where the system is bis table.
The system switches between the two states on a short timescale com-
pared to that of the numerical simulations.

The distribution of the work done by the force provides a furt her
way of examining the dynamics. In the linear region, the dist ribution
is Gaussian and satis�es the �uctuation relation for a therma l bath. In
the large amplitude state, the distribution can become non- Gaussian
when the effective potential no longer matches the linear re sult on the
scale of the �uctuations. The work distribution also provid es a use-
ful tool for examining the timescale for switching between t he stable
solutions in the bistable region. The distribution has two p eaks for
integration times less than the switching time, but becomes unimodal
for integration times longer than the switching time.

We also examined �uctuation relations for stronger electro -mechanical
coupling. We found that, for large k, the system can still have Gaus-
sian �uctuations, but the effective temperature of these is smaller than
predicted by the linear theory.

There are still many questions to be answered about the thermody-
namics of the system. It would be interesting to examine the d istribu-
tions of transferred heat and the change in internal energy, as exact
results are also available for these in the case of harmonic oscillator
coupled to a true thermal bath. We would also like to look at th e
symmetry function over a larger range of parameters. What ha ppens
to S(W) as a function of drive frequency for different drive strengt hs?
It would also be interesting to explore the other �uctuation relations,
and to see how the system reacts to a different type of driving force.

Calculation of the current noise spectrum could also provid e us
with more insights into the dynamics, in particular, the tim escales
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which are important for the system. This would let us look in m ore
detail at the switching time involved in the bistable behavi our.
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Part IV.

App endices
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A
T H E I N T E R A C T I O N H A M I LTO N I A N F O R T H E
C O O P E R -PA I R R E S O N A N C E S

In this appendix we derive the coupling Hamiltonian between the
SSET and its electromagnetic environment, Eqn. (2.62) from the

main text. This is used to derive the Born-Markov description of the
Cooper-pair resonances in Sec.2.5.

We begin by �nding the Hamiltonian for the SSET in the absence
of coupling to the environment. The circuit diagram, along w ith our
conventions for the direction of current and voltage, is giv en in Fig.
A.1. We represent the Josephson junctions as capacitances, in parallel
with pure Josephson elements. In this appendix, we obtain re sults
for an asymmetric SSET, including the possibility of non-eq uivalent
Josephson junctions and an asymmetric distribution of bias .

We begin by writing expressions for the different voltages a nd cur-
rents in the system using Kirchoff's laws. Loops 1 and 2, as labelled
in Fig. A. 1, respectively give for the voltages,

VL + V1 � Vg +
Qg

Cg
= 0, (A.1)

VR + V2 + Vg �
Qg

Cg
= 0, (A.2)

where V1 and V2 are the voltages across the left and right Josephson
junctions and Qg is the charge on the gate capacitor. While the nodes,
labelled 1, 2 and 3, give for the currents,

IL + Ig � IR = 0, (A.3)

IL = � I1 � CL �V1, (A.4)

IR = � I2 � CR �V2. (A.5)

We obtain expressions for V1 and V2 which will allow us to �nd the
Hamiltonian of the system. To do this we will mostly work in Fo urier
space, since this allows us to write the differential equati ons which
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Figure A.1.: Circuit diagram of the SSET with no coupling to the environ -
ment. Our conventions for current and voltage are shown. The
labelled loops and nodes are those to used in the Kirchoff's l aws
calculations (see text).

we derive as algebraic equations. To begin with we Fourier tr ansform
equations (A.1) and (A.2) [125, 126],

0 = 2p (VL � Vg)d(w) + Ṽ1 �
1

iwCg

�
Ĩ1 � Ĩ2 � iw(CLṼ1 � CRṼ2)

�
,

(A.6)

0 = 2p (VR + Vg)d(w) + Ṽ2 +
1

iwCg

�
Ĩ1 � Ĩ2 � iw(CLṼ1 � CRṼ2)

�
,

(A.7)

where the tilde indicates a Fourier transformed variable an d we have
eliminated Ig using equations (A.3)-(A.5). To �nd expressions for V1

and V2 separately we add the two Fourier space equations to �nd,

Ṽ1 + Ṽ2 = � 2p (VL + VR)d(w), (A.8)

which we can then use to eliminate V2 from Eqn. A. 6. Hence, we
obtain,

Ṽ1 = 2p
�

VL �
CLVL � CRVR + CgVg

CS

�
d(w) +

1
� iwCS

( Ĩ1 � Ĩ2), (A.9)

where we have de�ned the total capacitance of the island, CS = CL +
CR + Cg. We can then use the same technique to �nd V2 and convert
back to the time domain,

V1 = � VL �
CLVL � CRVR + CgVg

CS
�

1
CS

(Q1 � Q2), (A.10)

V2 = � VR +
CLVL � CRVR + CgVg

CS
+

1
CS

(Q1 � Q2). (A.11)

We can then use these to construct the Hamiltonian of the system.
The superconducting phase, f i, and number operators, Ni , for each
of the Josephson junctions are our conjugate variables, here i = 1, 2
labels the left and right junction respectively. We can use t he standard
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Josephson relations [125, 127], and write down Hamilton's equations
for the system,

¶H0

¶f 1
=

h̄
2e

�Q1 = � h̄ �N1 = EJ1 sin f 1, (A.12)

¶H0

¶f 2
=

h̄
2e

�Q2 = � h̄ �N2 = EJ2 sin f 2, (A.13)

¶H0

¶N1
= h̄ �f 1 = 2eV1 = � 2eVL � 2e

CLVL � CRVR + CgVg

CS

+
4e2

CS
(N1 � N2),

(A.14)

¶H0

¶N2
= h̄ �f 2 = 2eV2 = � 2eVR + 2e

CLVL � CRVR + CgVg

CS

�
4e2

CS
(N1 � N2).

(A.15)

From which we can construct the Hamiltonian of the system as a
function which satis�es all of these relations,

H0 = � EJ1 cosf 1 � EJ2 cosf 2 +
2e2

CS
(N1 � N2)2

+ 4e2 N0

CS
(N1 � N2) � 2e(VLN1 + VRN2), (A.16)

where we have de�ned N0 = � (CLVL � CRVR + CgVg)/2 e. By rear-
ranging we can write this, up to an unimportant constant as,

H0 = EC(N1 � N2 + N0)2 � 2e(VLN1 + VRN2) � EJ1 cosf 1 � EJ2 cosf 2,

(A.17)

where we have de�ned the charging energy of the island, EC =
(2e)2/2 CS.

The Hamiltonian is quantised by promoting the counting vari ables
N̂1, N̂2 and phase variables f̂ 1, f̂ 2 to operators which obey the com-
mutation relations,

[N̂1, f̂ 1] = i, [N̂2, f̂ 2] = i. (A.18)

We can then reduce the Hamiltonian to the form which we use in t he
main text, given in Eqns. ( 2.60) and (2.61), by simplifying the circuit
so that it is symmetric. We take CL = CR = CJ, EJ1 = EJ2 = EJ and
VL = VR = V/2, this means that N0 = CgVg/2 e = ng. We also de�ne
the quantum numbers n̂ = N̂2 � N̂1, and k̂ = ( N̂1 + N̂2)/2. Putting
all of this together we obtain,

H0 = å
n,k

(EC(n � ng)2 � 2eVk) jn, ki hn, kj

�
EJ

2
(jn, ki hn + 1,k + 1/ 2j + jn, ki j n � 1,k � 1/ 2i + h.c.).

(A.19)
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Figure A.2.: Circuit diagram of the SSET with impedances coupled to the
leads and gate.

To understand the effects of adding an electromagnetic envi ron-
ment we introduce impedances in series with each of the leads [125,
67, 126]. The new circuit is shown in Fig. A. 2.

We follow the same procedure as for the case without environm ent,
this results in the same Fourier space equations as in equations A.6
and A.7, but with extra terms proportional to the impedances,

0 = 2p (VL � Vg)d(w) + Ṽ1 � ZL(w) ĨL

+
�

Zg(w) +
1

� iwCg

�
�
Ĩ1 � Ĩ2 � iw(CLṼ1 � CRṼ2)

�
, (A.20)

0 = 2p (VR + Vg)d(w) + Ṽ2 � ZR(w) ĨR

�
�

Zg(w) +
1

� iwCg

�
�
Ĩ1 � Ĩ2 � iw(CLṼ1 � CRṼ2)

�
. (A.21)

In this case we cannot immediately separate the equations for Ṽ1 and
Ṽ2, and so we write the coupled equations [ 126],

 
iwCLẐL � 1 � iwCRẐg

� iwCLẐg iwCRẐR � 1

!  
Ṽ1

Ṽ2

!

= 2pd(w)

 
VL � Vg

Vg + VR

!

+

 
ẐL � Ẑg

� Ẑg ẐR

!  
Ĩ1
Ĩ2

!

, (A.22)

where we de�ne Ẑg = Zg + 1/ (� iwCg) and ẐL(R) = ZL(R) + Ẑg. We
then need to invert the matrix on the LHS to �nd expressions for
the voltages. We can also simplify the term proportional to d(w) in
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the limit where the bare environment has no capacitive compo nent,
lim w! 0 wZL,R,g(w) = 0 [125, 67]. This then allows us to write,

 
Ṽ1

Ṽ2

!

= �
2pd(w)

CS

 
Cg + CR CR

CL CG + CL

!  
VL � Vg

Vg + VR

!

+
1

( iwCLẐL � 1)( iwCRẐR � 1) + w2CRCLẐ2
g

�

 
iwCRẐR � 1 iwCRẐg

iwCLẐg iwCLẐL � 1

!  
ẐL � Ẑg

� Ẑg ẐR

!  
Ĩ1
Ĩ2

!

. (A.23)

We are interested in the effects of the environment on the system, and
so we subtract off the terms which give rise to the system Hami lto-
nian H0. To do this we de�ne dVi = Vi � Vi,0 where Vi,0 is the voltage
with ZL,R,g = 0. These are given by,

 
Ṽ1,0

Ṽ2,0

!

= �
2pd(w)

CS

 
Cg + CR CR

CL CG + CL

!

+
1

� iwCS

 
� 1 1

1 � 1

!  
Ĩ1
Ĩ2

!

.

(A.24)

We note that this is the same result as that obtained in the previous
section. The relevant limit for our system is the case of weak coupling
to the gate, Cg � CL,R. In this limit we �nd that the �uctuating part
of the voltages is given by,

 
dṼ1

dṼ2

!

=
� (ZL + ZR)

1 � iw CLCR
CS

(ZL + ZR)

0

@
C2

R
C2

S

CLCR
C2

S
CLCR

C2
S

C2
L

C2
S

1

A

 
Ĩ1
Ĩ2

!

. (A.25)

This contains the information about how the bath couples to t he sys-
tem operators. To see this we try to map the system onto the generic
bath Hamiltonian [ 67],

Henv = å
n

F 2
n

2Ln
+

(Qn � aQ1 � bQ2)2

2Cn
, (A.26)

where Qn, F n, Cn, Ln are the charge, phase, capacitance and induc-
tance of the nth mode of the environment and Q1(2) are the charge
variables of the SSET. These couple to the environment with strength
given by a and b. Physically, this environment corresponds to a set of
harmonic oscillators modelled as inductors and capacitors to which
the SSET is coupled [67]. We �nd that Hamilton's equations for the
for the environment variables give,

�Qn =
¶Henv

¶F n
=

F n

Ln
, (A.27)

�F n = �
¶Henv

¶Qn
= �

Qn � aQ1 � bQ2

Cn
. (A.28)
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We can also de�ne the parts of the voltages which �uctuate due t o
the interaction with the environment. These result in a �uct uation in
the phase at each of the junctions of the SSET,

d �F 1 = dV1 = �
¶Henv

¶Q1
= � aå

n

Qn � aQ1 � bQ2

Cn
, (A.29)

d �F 2 = dV2 = �
¶Henv

¶Q2
= � b å

n

Qn � aQ1 � bQ2

Cn
. (A.30)

We can then use the solution to equation (A. 27), which in Fourier
space takes the form,

Q̃n =
w2

n

w2 � w2
n
(aQ̃1 + bQ̃2), (A.31)

where wn = 1/
p

CnLn. This lets us write,

å
n

Q̃n � aQ̃1 � bQ̃2

Cn
= å

n

w2

w2
n � w2

aQ̃1 + bQ̃2

Cn
, (A.32)

which then allows us to �nd the current-voltage relation (not ing that
Ĩ = � iwQ̃),

dṼ1 = � iwa(aĨ1 + bĨ2) å
n

w2

w2
n � w2 , (A.33)

= Zeff(a2 Ĩ1 + abĨ2). (A.34)

A similar expression can be obtained for dṼ2, and hence we can write,

 
dṼ1

dṼ2

!

= Zeff

 
a2 ab

ab b2

!  
Ĩ1
Ĩ2

!

, (A.35)

which then has the same form as equation (A.25). From this we can
identify the coupling constants as

a =
CR

CS
, (A.36)

b =
CL

CS
. (A.37)

For a symmetric SSET,CL = CR, hence a = b = 1/ 2 and so we can
write the interaction part of the environmental Hamiltonia n as,

Hint = �
Q1 + Q2

2 å
n

Qn

Cn
. (A.38)

We can rewrite this in terms of the system operator k̂ = � (Q1+ Q2)/ 4e

as,

Hint = � 2ek̂dV̂ , (A.39)

where dV = å n Qn/ Cn is the environment operator which describes the
�uctuation of the voltages [ 67]. This is the interaction Hamiltonian
used in the main text, Eqn. (2.62).
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B
T R A N S F O R M I N G T H E C O O P E R -PA I R
R E S O N A N C E S H A M I LTO N I A N

In the first part of this appendix we calculate the transformation
to the Hamiltonian for the Cooper-pair resonances, used in E qn.

(2.64) of the main text, as a perturbative expansion in EJ. In the
second part, we use this transformation to calculate series expansions
for the operators n̂0 and k̂0 which are used throughout Secs. 2.5 and
3.7.

b.1 transforming the hamiltonian

We begin with the system Hamiltonian, HS = Hch + HJ, as de�ned
in Eqns. (2.60) and (2.61) in the main text. We �nd a unitary transfor-
mation, H0 = UHU † (we drop the subscript S in this appendix), such
that H0 only contains diagonal elements and those which couple res-
onant states. To do this we de�ne the projector onto the k-th doublet
as,

Pk = j0,ki h0,kj + j1,k + p + 1/ 2i h1,k + p + 1/ 2j . (B.1)

Then the condition on H0 above becomesPkH0Pk00= 0 for k 6= k00. We
then write the transformation as [ 69] U = eiS, with S = S†, and treat
HJ as a perturbation. This allows us to write a series expansion for S
in terms of J,

S = S(0) + JS(1) + J2S(2) + . . . . (B.2)

There are in�nitely many transformations which satisfy the c ondition
on H0, and so to uniquely specify U we choose that S should not have
matrix elements within the doublet, PkSPk = 0. We note that S(0) = 0,
since for the caseJ = 0 we need no transformation. This then allows
us to �nd the transformed form of the Hamiltonian as,

H0 = Hch + HJ + [ iJS(1) , Hch] + [ iJS(1) , HJ]

+ [ iJ2S(2) , Hch] +
1
2!

h
iJS(1) , [iJS(1) , Hch]

i
+ . . . , (B.3)

which we can then write as a power series,

H0 = H (0) + H (1) + H (2) + . . . , (B.4)
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where we have grouped terms by order in J;

H (0) = Hch, (B.5a)

H (1) = HJ + [ iJS(1) , Hch], (B.5b)

H (2) = [ iJS(1) , HJ] + [ iJ2S(2) , Hch] +
1
2!

h
iJS(1) , [iJS(1) , Hch]

i
.

(B.5c)

These can then be used to construct the expression forS term by term,
and so build up the effective Hamiltonian. As an example, we g ive
the calculation of S(1) . We begin by noting that PkH (n)Pk00= 0 for all
n and k 6= k00which gives,

0 = PkHJPk00+ Pk( iJS(1) Hch � HchiJS(1) )Pk00, (B.6)

from which we can calculate the matrix elements of iS(1) as,

h0,kj iS(1) j1,k + 1/ 2i = �
J

2peV
= G1, (B.7)

h0,kj iS(1) j1,k � 1/ 2i = �
J

2(p + 1)eV
= � G2, (B.8)

and the obvious conjugates. G1 and G2 become the natural small
parameters of the perturbation theory. These expressions can be used
to calculate S(2) , and so on. This allows the transformed Hamiltonian
to be found up to any order, for example we �nd that the second
order corrections to the diagonal elements are given by,

h0,kj H (2) j0,ki = �
J2

eV
2q

q2 � 1
. (B.9)

We also need to be able to calculate the off-diagonal coupling between
resonant states,Jp. This appears to order 2p + 1 in the perturbation
expansion. The method outlined above becomes very cumbersome at
high orders and so, to calculate Jp for higher orders, we introduce the
level-shift operator [ 69, 45],

R(z) = HJ + HJ
Qk

z � Hch
HJ + HJ

Qk

z � Hch
HJ

Qk

z � Hch
HJ + . . . , (B.10)

where Qk = 1 � Pk. Which allows us to calculate the required matrix
element, Jp = h0,kj R(Ē) j1,k + p + 1/ 2i . This gives the expression
found in Eq. ( 2.65). However, we have checked explicitly that this
approach gives the same expression for Jp= 1 (the highest order used
in the main text) as that obtained using the perturbation exp ansion.

b.2 the transformed operators

We also need to transform the operators k and n. To illustrate the
method we give an explicit calculation of k0. This is done in exact
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analogy with the calculation of H0. We �rst write k0 as a power series,

k0 = k(0) + k(1) + k(2) + . . . , (B.11)

where,

k(0) = k, (B.12a)

k(1) = [ iJS(1) , k], (B.12b)

k(2) = [ iJ2S(2) , k] +
1
2!

h
iJS(1) , [iJS(1) , k]

i
. (B.12c)

This allows us to calculate k(1) as,

k(1) =
1
2 å

k

G1 j0,ki h1,k + 1/ 2j + G2 j0,ki h1,k � 1/ 2j + h.c. . (B.13)

Also, k(2) is given by,

k(2) =
(2p + 1)G1G2

2 å
k

(j0,ki h0,k + 1j � j 0,ki h0,k � 1j + h.c.)

+ ( G2
1 + G2

2) å
k

(j1,k + 1/ 2i h1,k + 1/ 2j � j 0,ki h0,kj ). (B.14)

A similar calculation can be performed to calculate the powe r series
for n0 = n(0) + n(1) + n(2) + . . .. We �nd n0 = n,

n(1) = å
k

G1 j0,ki h1,k + 1/ 2j � G2 j0,ki h1,k � 1/ 2j + h.c., (B.15)

n(2) = G1G2 å
k

(j0,ki h0,k + 1j � j 0,ki h0,k � 1j + h.c)

+ ( G2
1 + G2

2) å
k

(j1,k + 1/ 2i h1,k + 1/ 2j � j 0,ki h0,kj ). (B.16)
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C
D E R I V I N G T H E C U R R E N T N O I S E E X P R E S S I O N

In this appendix we show how it possible to derive the general ex-
pression for the current noise, given in Eqn. ( 4.20), starting from

the expression for the current-current correlation functi on, Eqn. (4.16),

SI (t1, t2) = ¶t1¶t2[q(t1 � t2) f (t1, t2) + q(t2 � t1) f (t1, t2) � ] � h I (t1)ihI (t2)i .

(C.1)

In Fourier space, the correlation function of the counting v ariable is
given by,

f (t1, t2) = hh0j
¶

¶ic

�
eM (c )( t1� t2) ¶

¶ic
eM (c ) t2

�
jr 0ii . (C.2)

The simplest term to calculate in Eqn. (C.1) is,

¶t1¶t2 f (t1, t2) = hh0j ¶ic [M eM ( t1� t2)¶ic M eM t2 � M 2eM ( t1� t2)¶ic eM t2

i
jr 0ii .

(C.3)

The terms with ¶ic eM t2 cancel and so, in the limit t2 ! ¥ , we obtain,

¶t1¶t2 f (t1, t2) = hh0jM 0eM ( t1� t2)M 0j0ii , (C.4)

and similarly for the conjugate part,

¶t1¶t2 f � (t2, t1) = ( hh0jM 0eM ( t2� t1)M 0j0ii ) � . (C.5)

To calculate the derivatives of the step function, we introd uce the
piecewise continuous, differentiable function,

qe(t) =

8
>>><

>>>:

0 t < 0

1
2

�
1 � cos

� t
e

��
0 � x < ep

1 x � ep

, (C.6)

which corresponds to the Heaviside function in the limit lim e! 0 qe(t) =
q(t). This has the advantage of always being zero for t < 0 therefore,
the fact that we only know the forward time evolution operato r now
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Figure C.1.: The approximation to the Heaviside function which we use, de-
�ned in Eqn. (C. 6) for various values of e.

presents no problems. This function is shown for various val ues of e
in Fig. C.1.

We next consider the terms in Eqn. (C.1) involving a single time
derivative of the step function, q0(t). We note that lim e! 0 q0(t) = d(t)
and so we can write these terms as,

d(t1 � t2) [¶t2 f (t1, t2) � ¶t1 f (t1, t2) + ¶t1 f � (t2, t1) � ¶t2 f � (t2, t1)] , (C.7)

which, since the delta function only gives a contribution at t1 = t2,
can be written,

2d(t1 � t2)Re[¶t2 f (t1, t2) � ¶t1 f (t1, t2)] . (C.8)

We can then go on to calculate the relevant derivatives, and �n d,

¶t2 f (t1, t2)j t1= t2 = hh0jM 00j0ii + hh0jM 0¶ic eM t2jr 0ii , (C.9)

¶t1 f (t1, t2)j t1= t2 = hh0jM 0¶ic eM t2jr 0ii . (C.10)

Finally we need to calculate the terms involving q00(t),

� q00(t1 � t2) f (t1, t2) � q00(t2 � t1) f (t2, t1). (C.11)

We show explicitly how to calculate q00(t1 � t2) f (t1, t2). To do this we
perform a trial integration, using a function Y(t1, t2), which vanishes
at the boundaries, ensuring convergence,

Z
dt1

Z
dt2q00

e (t1 � t2)Y(t1, t2) f (t1, t2). (C.12)

Making the change of variables, t 1 = t1 � t2, t 2 = ( t1 + t2)/2, so that
the Jacobian is unity we �nd, by integrating by parts,

Z
dt 1

Z
dt 2q00

e (t 1)Y(t 1t 2) f (t 2 + t 1/2, t 2 � t 1/2 )

= �
Z

dt 1

Z
dt 2q0

e(t 1)¶t 1Y(t 1t 2) f (t 2 + t 1/2, t 2 � t 1/2 ).

(C.13)
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Choosing Y such that ¶t 1Y(0,t 2) = 0 gives,

Z
dt 1

Z
dt 2q00(t 1)Y(t 1t 2) f (t 2 + t 1/2, t 2 � t 1/2 )

= �
Z ¥

0
dt 1

Z
dt 2q0

e(t 1)
1
2

[¶t1 f (t1, t2) � ¶t2(t1, t2)] . (C.14)

This then allows us to identify,

q00(t1 � t2) f (t1, t2) = q0(t1 � t2)
1
2

[¶t1 f (t1, t2) � ¶t2 f (t1, t2)] , (C.15)

similarly we �nd,

q00(t2 � t1) f � (t2, t1) = q0(t2 � t1)
1
2

[¶t2 f � (t1, t1) � ¶t1 f � (t2, t1)] , (C.16)

and so we �nd for the full term,

� q00(t1 � t2) f (t1, t2) � q00(t2 � t1) f (t2, t1)

= � d(t1 � t2)Re[¶t2 f (t1, t2) � ¶t1 f (t1, t2)] . (C.17)

Putting all of this together we obtain an expression for the t wo time
correlation function,

SI (t) = d(t)Rehh0jM 00j0ii + hh0jM 0eM tM 0j0ii

+ hh0jM 0e�M tM 0j0ii � � h I i 2, (C.18)

which is the result used in the main text.
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D
D O U B L E Q U A N T U M D O T S

In this appendix we consider the model of coherent transport through
a double quantum dot, coupled to a thermal bath, discussed in

Ref. [107]. In this paper, it was found that the zero-frequency curren t
noise, calculated at different points along the system, too k different
values. This result is worrying, since it implies a violatio n of charge
conservation through the device. Here we show that these qua ntities,
calculated using the formalism presented in Chap. 4, do conserve
charge.

d.1 model

A schematic of the model which we use (following Refs. [ 88, 58, 107]),
is shown in Fig. D. 1. A potential difference is applied across the two
dots, so that electron transport occurs across the system. Leads at
the left and right provide reservoirs for the electrons, and a thermal
environment is connected to the dots. This decoheres stateswhich
are superpositions of jL, NL i and jR, NL i where L(R) labels states in
which the left (right) dot is occupied, and NL counts the number of
electrons in the left reservoir, as for the SSET.

We begin by just considering the internal dynamics of the sys tem
(i.e. the c = 0 evolution), to do this we introduce the states ji i =
å NL

ji, NL i where i = 0,L, R. The Hamiltonian for the dots is then
given by,

HS =
e
2

(jLi hLj � j Ri hRj) + W(jLi hRj + jRi hLj), (D.1)

Figure D.1.: A schematic of the DQD system. (Reproduced from [ 107])
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where we have assumed the charging energy of the state j0i is 0 and
the jLi and jRi states are equally detuned from this, by an amount
e/2. The dots are coherently coupled, with a strength describ ed by
W. This Hamiltonian then has eigenvalues given by,

E� = �
D
2

, (D.2)

where D =
p

4W2 + e2. We follow the method of Ref. [ 107] to include
the baths in our Born-Markov description. Using the basis,

jr ii = ( r 00, r LL, r RR, r RL, r LR)T, (D.3)

with r ij = hi j r j j i . We write the master equation,

djr ii
dt

= Mj r ii = M cohjr ii + M leadsjr ii + M therm jr ii , (D.4)

where M coh = � i[HS, r ] gives the coherent evolution, M leads in-
cludes the transitions into and out of the leads and M therm is the
dephasing and decoherence due to the thermal environment. Follow-
ing [ 107] these have the forms,

M coh =

0

B
B
B
B
B
B
B
@

0 0 0 0 0

0 0 0 � iW iW

0 0 0 iW � iW

0 � iW iW ie 0

0 iW � iW 0 � ie

1

C
C
C
C
C
C
C
A

, (D.5)

M leads =

0

B
B
B
B
B
B
B
@

� G 0 G 0 0

G 0 0 0 0

0 0 � G 0 0

0 0 0 � G/2 0

0 0 0 0 � G/2

1

C
C
C
C
C
C
C
A

, (D.6)

M therm =

0

B
B
B
B
B
B
B
@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 g+ � g � � gp 0

0 g+ � g � 0 � gp

1

C
C
C
C
C
C
C
A

. (D.7)

We have assumed the decay rates into and out of the bath are equal
GL = GR = G. We have also introduced the quantities which describe
the thermal bath [ 107],

g � = � p
W
D

J(D)
�

e
D

coth
�

D
2T

�
� 1

�
(D.8)

gp = 4p
W2

D2 J(D) coth
�

D
2T

�
, (D.9)
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where T is the temperature of the bath, and J(w) its spectral density,
which we take to be Ohmic and of the form,

J(w) =
2gw

p
e� w

wc . (D.10)

Here, g is the coupling strength between the dots and the environ-
ment and wc is a high frequency cut-off, introduced for regularisation ,
which we assume is much larger than any other scale in the prob lem.

To calculate the noise we consider two counting variables. A s well
as NL, which counts electrons moving from the reservoir to the lef t
dot (this is then a purely incoherent counting process), we w ill also
consider NC, which counts electrons moving from the left to right dot
(this involves keeping track of coherences correctly). Counting at the
left junction, we �nd that the Fourier transformed evolution matrix,
M L(c ), simply picks up a phase on the term which corresponds to
incoherent decays from the lead to the left dot,

M L =

0

B
B
B
B
B
B
B
@

� G 0 G 0 0

Geic 0 0 � iW iW

0 0 � G iW � iW

0 � iW+ g+ iW � g � ie � G/2 � gp 0

0 iW+ g+ � iW � g � 0 � ie � G/2 � gp

1

C
C
C
C
C
C
C
A

.

(D.11)

Calculating the matrix which counts electrons transferrin g from the
left to the right dot is slightly more complicated. This invo lves coher-
ences which can be dealt with in the same way as for SSET. As an ex-
ample we introduce the notation r ij ,q(c ) = å N eic N hi, N j r j j, N + qi
and calculate the evolution of the population,

r LL,0(c ) = å
NC

eic NC hL, NCj r jL, NCi , (D.12)

this then has the equation of motion,

�r LL,0(c ) = å
NC

eic NC [Gh0,NCj r j0,NCi � iW(hR, NC + 1j r jL, NCi

� h L, NCj r jR, NC + 1i )] , (D.13)

which gives,

�r LL,0(c ) = Gr 00,0(c ) � iW
�

eic r RL,� 1(c ) � r LR,1(c )
�

. (D.14)

We can do the same thing for the coherences and �nd, for example ,

�r RL,� 1(c ) = eic (g+ � iW)r LL,0(c ) � (g � � iW)r RR,0(c )

�
�

� ie+
G
2

+ gp

�
r RL,� 1(c ). (D.15)
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Figure D.2.: Current as a function of dot detuning, e. For all curves the
parameters are W = 5, G = 0.1, T = 10. The curves show
different couplings to the thermal bath. These are given by
g = 0 (black, solid line), g = 1 � 10� 3 (red, dashed line) and
g = 1 � 10� 2 (blue, dotted line).

Combining all of these we �nd the evolution matrix,

M C =

0

B
B
B
B
B
B
B
@

� G 0 G 0 0

G 0 0 � iWe� ic iW

0 0 � G iW � iWeic

0 (� iW+ g+ )eic iW � g � ie � Gp 0

0 iW+ g+ (� iW � g � )e� ic 0 � ie � Gp

1

C
C
C
C
C
C
C
A

,

(D.16)

where Gp = G/2 + gp.

d.2 results

Now that we have M (c ) for both counting positions we can use our
formulae to calculate the current, noise and Fano factor.

To begin with we calculate the current, as a function of detun ing
of the dots, for different strengths of coupling to the therm al bath g.
These are shown in Fig. D.2. We �nd the same results as in Refs. [88,
107], the current is the same through the left junction as it is be tween
the dots. We also see that coupling to the thermal environmen t makes
the current increasing asymmetric with respect to e.

We can also �nd the zero frequency Fano factor, F(0) = S(0)/ hI i .
In Ref. [107] they �nd that, as g is increased, F(0) becomes depen-
dent on where the current is measured, and eventually starts to give
unphysical negative values when calculated between the dot s. From
our calculation, we �nd this is not the case. The noise is indep endent
of where it is calculated and our results match those found in Refs.
[88, 107], for the incoherent junction, as shown in Fig. D. 3.
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Figure D.3.: Zero frequency Fano factor as a function of dot detuning, e.
For all curves the parameters are W = 5, G = 0.1, T = 10. The
curves show different couplings to the thermal bath. These a re
given by g = 0 (black, solid line), g = 1 � 10� 3 (red, dashed
line) and g = 1 � 10� 2 (blue, dotted line).

We are also able to go beyond the calculation of Ref. [107], and �nd
the full frequency dependent noise. In Fig. D. 4, we show the effect
of the bath coupling strength on the frequency dependent noi se, at
e = 0. We see that the noise through the central dots has peaks at
w = � 2W. These are exactly analogous to those found in the DJQP
noise. At e = 0 and g = 0 the peaks are symmetric, as expected.
As the thermal environment is turned on, the peaks are gradua lly
destroyed: the environment kills off the coherence, but it d oes this
asymmetrically, and so the positive frequency peaks becomes larger
than the negative frequency peak.

The noise through the left junction shows a much weaker depen -
dence on the thermal environment. The thermal environment o nly
destroys coherence between the dots, and so does not effect the inco-
herent transport, except at frequencies associated with coherent oscil-
lations. We see that it only destroys the small features at w = � 2W.
A zoomed in version of this can be found in Fig. D. 5. These results
match those found in Ref. [ 88].

Detuning the system from resonance introduces asymmetries to
FC(w), as for the resonances in the SSET. If we detune such thate > 0,
as in Fig. D.6, we �nd that the negative frequency peak is enhanced,
when the coupling to the thermal bath, g = 0. As g is increased the
peaks in FC(w) become weaker, the coherent transport is destroyed.
The negative frequency peak is more affected by the bath: the ther-
mal environment prefers to take energy out of the system. Thi s effect
is similar to that seen for the position noise spectrum of a ha rmonic
oscillator, calculated in Sec. 3.1. This means that, as the coupling to
the thermal bath is increased, we go through a point where the spec-
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Figure D.4.: Frequency dependent Fano factor between the dots (a), and
through the left junction (b). For all curves the parameters are
e = 0, W = 1, G = 0.1, T = 10. The curves show different
couplings to the thermal bath. These are given by g = 0 (black,
solid line), g = 1 � 10� 3 (red, dashed line) and g = 1 � 10� 2

(blue, dotted line)
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Figure D.5.: Zoomed in view of Fig. D. 4 (b).
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Figure D.6.: Frequency dependent Fano factor between the dots, FC(w).
Same parameters as Fig. D.4 except e = 0.2
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trum is symmetric, as the effect of the thermal environment e xactly
cancels the effect of the detuning.

d.3 discussion and conclusions

In Ref. [107] it was claimed that the issues with charge conservation,
found in the zero frequency noise between the dots, are a prob lem
with the quantum regression theorem. We have been able to pro vide
a full, unambiguous calculation, of the correct value for th is noise and
obtained the same results as previously calculated for the i ncoherent
junctions. This means that the problem encountered in Ref. [ 107] is
one with the correct method of counting in the presence of coh erence,
and not the regression theorem.

We have also been able to use our technique to �nd the same results
as [88] for the symmetrised �nite frequency spectrum, at the incohe r-
ent junctions. As an extension we have also calculated the the �nite
frequency noise in the current between the dots, and found th at the
thermal environment, as well as detuning of the dots from res onance,
are able to introduce asymmetries.

Measurement of �nite frequency noise between the dots is dif�cu lt.
This quantity would not show up in, for example, the behaviou r of an
oscillator coupled to the leads, since it does not give a contribution
to the displacement current through the device. However, it may
be possible to measure this quantity by coupling an oscillat or to a
different quantity, such as sx = jLi hRj + jLi hRj, as in Ref. [128], but
this needs further investigation.
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E
T H E C O H E R E N T E X P R E S S I O N F O R T H E C U R R E N T
N O I S E , N E A R T H E C P R S

I t is possible to derive an expression for the purely coherent contri-
butions to the current noise close to the CPRs, which we use in Sec.

4.5. In this appendix, we calculate the noise using only the evol ution
under the action of the coherent Hamiltonian, ignoring all i ncoherent
effects.

Counting at the left junction, the Hamiltonian for each bloc k, in the
basis fj 0,NL i , j1,NL � p � 1ig , is given by,

H NL =

 
� DE Jp

Jp DE

!

, (E.1)

where the full Hamiltonian is simply, H = å NL
H NL . The current

operator can then be found as,

ÎL = � 2e
dN̂L

dt
= �

2ei
h̄

[H, N̂L], (E.2)

which is given by,

ÎL = �
2eiJp(p + 1)

h̄ å
NL

j0,NL i h1,NL � p � 1j � h.c. . (E.3)

It is convenient to work in a basis where H is diagonal, and so we
introduce,

ja, NL i = cosa j0,NL i + sin a j1,NL � p � 1i , (E.4)

jb, NL i = � sin a j0,NL i + cosa j1,NL � p � 1i . (E.5)

In this basis the current operator is written as,

ÎL = � I (L)
ab å

NL

ja, NL i hb, NL j � h.c., (E.6)

where the relevant matrix element is given by,

I (L)
ab = �

2eiJp(p + 1)
h̄

. (E.7)

We then write the two-time correlation function of the curre nt as,

lim
t2! ¥

hÎL(t1) ÎL(t2)i = Tr[ ÎLeiH ( t1� t2) ÎLeiH ( t2)r 0], (E.8)
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where r 0 is an arbitrary, initial density matrix of the full (dissipa tive)
evolution. The correlation function can then be calculated , de�ning
t = t1 � t2 as,

hÎL(t) ÎL(0)i = j I (L)
ab j2

h
eiwabt r aa+ eiwbat r bb

i
. (E.9)

The noise spectrum which corresponds to this is simply two de lta
peaks at w = � wab. By analogy with the charge noise spectrum
calculation, from Sec. 3.7, we make the ad-hoc assumption that the
effect of the environment on these peaks will be to broaden th em by
Gcoh, the decay rate of the coherences. This then gives the spectrum,

SL(w) = j I (L)
ab j2

"
r aaGcoh

(w � wab)2 + G2
coh

+
r bbGcoh

(w � wba)2 + G2
coh

#

, (E.10)

which shares many similarities with the coherent part of the charge
noise (discussed in the main text).

A similar calculation can be performed for the noise at the ri ght
hand junction. The resulting spectrum is the same, but with t he re-

placement I (L)
ab ! I (R)

ab , with,

I (R)
ab =

2eiJpp
h̄

. (E.11)
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F
N U M E R I C A L S I M U L AT I O N S O F T H E
S E T-R E S O N ATO R S Y S T E M

In this appendix we discuss the numerical techniques used to ob-
tain results throughout chapter 5. We wish to simulate the be-

haviour of the differential equations, given in Eqn. ( 5.14), of the main
text. These equations are stochastic, because the island charge, n, �uc-
tuates according to the tunnel rates given by Eqns. (5.15) and (5.16).
These lead to changes inn by the processes shown in Fig. 5.1.

We perform Monte Carlo simulations of the trajectory of the sy s-
tem, governed by these equations. We evolve time in discrete steps of
length Dt. At each time step, a uniform random number, r 2 [0, 1], is
chosen. If r is in an interval [0,G�

L Dt] then the state of the SET island is
changed accordingly, this test is then performed on all the o ther rates,
so, for example, if r 2 [G�

L Dt, G+
L Dt] the state is evolved according

to G+
L . Otherwise, the resonator is evolved according to Hamilton 's

equations for the position and velocity. To improve the ef�ci ency of
our simulations we evolve the ODEs in time with a slightly mor e so-
phisticated algorithm than Euler's method. We implement a v ersion
of Heun's algorithm [ 129] which, for the equation dx/ dt = f (x, t),
has the update rule,

x(t + Dt) = x(t) +
[ f (x, t) + f ( x̃, t + Dt)]dt

2
, (F.1)

with,

x̃(t + Dt) = x(t) + f (x, t)Dt. (F.2)

This can then be used to calculate how the trajectory of the SET-
resonator system evolves in time.

We are then able to produce all of the results of chapter 5 by ap-
propriate averaging over this trajectory. A typical run goe s as follows:
�rstly we evolve the equations from an arbitrary set of initia l condi-
tions for a long enough time, t0, that the system has lost all memory
of the initial condition (this is tested by ensuring that the results are
not sensitive to changes in t0). We then evolve the system along the
trajectory recording the relevant quantity, for example th e position
and velocity distributions in Fig. 5.3 were obtained by binning the
value of x and v at each timestep.
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To calculate the work done by the driving force, as in Sec. 5.5, is
more numerically intensive. The work is given by an integral over
a part of the trajectory, as in Eqn. (5.79), which can be calculated by
using a simple trapezium rule integration [ 129]. This then means that
we only obtain one data point for each amount of time, t n, of our
simulation as opposed to each Dt for simple quantities such as x and
v.
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